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In many parameter-dependent systems, varying the parameters along a closed
path generates a shift in the system depending only on the path itself and not on
the manner in which that path is traversed. This effect is known as a geometric
phase. In this thesis we focus on developing techniques to utilize geometric phases
as engineering tools in both sensing and control.

We begin by considering systems undergoing an imposed motion. If this motion
is adiabatic then its effect on the system can be described by a geometric phase
called the Hannay-Berry phase. Direct information about the imposed motion is
obtained by measuring the corresponding phase shift. We illustrate this idea with
an equal-sided, spring-jointed, four-bar mechanism and then apply the technique
to a vibrating ring gyroscope.

In physical systems the imposed motion cannot be truly adiabatic. Using

Hamiltonian perturbation theory, we show that the Hannay-Berry phase is the
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first-order term in a perturbation expansion in the rate of imposed motion. Cor-
rections accounting for the nonadiabatic nature of the imposed motion are then
given by carrying the expansion to higher-order. The technique is applied to the
vibrating ring gyroscope as an example.

We also consider geometric phases in dissipative systems with symmetry. Given
such a system with a parameter-dependent, exponentially asymptotically stable
equilibrium point, we define a new connection, termed the Landsberg connection,
which captures the effect of a cyclic, adiabatic variation of the parameters. Sys-
tems with stable, time-dependent solutions are handled by defining an appropriate
dynamic phase. A simple example is developed to illustrate the technique.

Finally we investigate the role of geometric phases in the control of nonholo-
nomic systems with symmetry through an exploration of the H(3)—Racer, a two-
node, one module G—snake on the three-dimensional Heisenberg group. We derive
the governing equations for the internal shape of the system and the reconstruction
equations relating changes in the shape to the overall motion. The controllability
of the system is considered and the effect of various shape changes is explored

through simulation.
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Chapter 1

Introduction

1.1 Background

In 1984 Berry published a surprising result concerning quantum systems whose
Hamiltonians depend on a set of parameters being adiabatically varied around a
closed loop [9]. Using the quantum adiabatic theorem (see, e.g. [40]) and making
the assumption that the eigenvalues of the Hamiltonian were isolated he showed
that the net change in the phase of the system after completing the loop contains
a term dependent solely on the area enclosed by the loop in parameter space.
Berry’s initial result, now known as Berry’s phase, is surprising in its simplicity and
has proved to be remarkably effective in understanding a wide variety of physical
phenomena. The motivation for the continued interest in this subject is perhaps

best captured by the following quote from Shapere and Wilczek [80].

Examples of geometric phases abound in many areas of physics.
Many familiar problems that we do not ordinarily associate with geo-
metric phases may be phrased in terms of them. Often, the result is a

clearer understanding of the structure of the problem, and an elegant



expression of its solution.

A classical example of this is the Foucault pendulum, a well-known system
in which the rotation of the Earth induces a precession in the swing plane of the
pendulum. In the standard analysis of this problem, the precession is understood as
being caused by the Coriolis force arising from the moving frame of the pendulum.
The rate of rotation of the swing plane is given by —{2g cos @ where () is the rate
of rotation of the Earth and « is the co-latitude. The resulting shift in the swing
plane angle after one full rotation of the Earth is A0 = —27 cos a. This phase shift
is geometric in nature; it does not depend on the rate of rotation of the Earth but
only on the co-latitude of the pendulum system. The phase shift can be explained
in purely geometric terms as follows (as in [59]). Consider an orthonormal frame
which we wish to parallel transport along the co-latitude line a. Since it is not
clear what is meant by parallel transport on a curved surface such as the sphere,
we first translate the system to a flat space. To do so, place a cone on the sphere

as in Figure 1.1. Flatten the cone by simply cutting and unrolling it as shown in

Figure 1.1: Foucault pendulum phase shift (image based on Figure 1.10.1 of [59])



the figure. After parallel translating the frame around the edge of the flattened
cone, glue the cut edges of the cone together again and place it back on the sphere.
The orthonormal frame is then back at the original position on the sphere but is
rotated by —27 cos a;, equivalent to the phase shift of the Foucault pendulum. A
beautiful derivation of the rate of precession of the Foucault pendulum from the
point of view of parallel translation using only basic calculus can be found in [68]
while in [57] this shift is explicitly described as a geometric phase.

Geometric phases appear in a stunningly wide variety of physical systems.
Several examples of effects which are now recognized as geometric phases were de-
scribed prior to Berry’s original paper in 1984, including the work of Pancharatnam
on phase shifts in polarized light [72] and of Stone on electronic spin interactions
[83]. Following Berry’s result, Hannay found an effect analogous to Berry’s phase
in classical integrable systems [36] and Berry showed that these Hannay angles are
the semi-classical limit of Berry’s phase [10]. In the quantum setting, the existence
of Berry’s phase has been verified in various experiments. For example, Tomita
and Chiao measured the geometric phase of the rotation of linearly polarized light
traveling along a helically wound optical fiber [91] and Suter, Chingas, Harris, and
Pines measured Berry’s phase in a nuclear magnetic resonance system in the pres-
ence of a magnetic field with constant magnitude but varying direction [88]. (For
further examples and comments on Berry’s phase see the compendium volume of
Shapere and Wilczek [80].)

Geometric phases have also been shown to exist in dissipative systems. In
[44] Kepler and Kagan consider dynamical systems with limit cycles and show
the existence of a geometric shift in the variable parametrizing the limit cycle

under the adiabatic transport of a set of parameters (see also [43]). Together with



Epstein they experimentally showed such a shift in a dissipative chemical oscillator
system [38]. A similar approach was developed by Ning and Haken and applied
to laser dynamics [66]. A more general theory for dissipative systems with abelian
symmetries has been developed by Landsberg in [48, 49].

Many researchers have investigated the role of the geometric phase in mechan-
ical systems. In problems of this type, changes in the system’s internal (shape)
variables lead to changes in the external (group) variables. Examples of this in-
clude the work of Shapere and Wilczek on self-propulsion at low Reynolds number
[79], of Krishnaprasad on the reorientation of coupled rigid bodes [46], of Bloch,
Krishnaprasad, Marsden, and Sanchez de Alvarez on the control of satellites with
rotors [16], and of Wisdom on the effect of the intrinsic curvature of space-time
on the net translation and rotation of bodies undergoing cyclic shape changes [99].
In [41, 42], Kelly and Murray explore the use of geometric phases in the context
of robotic locomotion and in [58] Ostrowski and Marsden explore aspects of mo-
tion control based on cyclic evolution of internal variables . Many applications of
geometric phases in mechanical systems fall under the general heading of recon-
struction phases, a concept treated by Marsden, Montgomery, and Ratiu in [57].
Montgomery has used the ideas of geometric phases together with techniques from
optimal control to formulate and address the problem of finding shape changes
which achieve a specified change in the group variables while minimizing some

quantity such as the expended energy [63].

1.2 (eometric phases: intuition

It is useful to have an intuitive understanding of geometric phases before defining

the concept in a rigorous manner. Consider a dynamical system of interest and as-



sume that it depends on a set of parameters. Examples of such parameters include
the eigenvalues of the Hamiltonian of a quantum system, the position of the Fou-
cault pendulum in space, the temperature or catalyst concentrations in chemical
systems, and the internal shape of a mechanical system for reconstruction phases.
As these parameters are varied there is in general a corresponding change in the
system. If after some time the parameters are brought back to their original values,
it is natural to ask whether the system itself returns to its original configuration
or whether there is some net change. If there is some net change and if it depends
only on the path followed by the parameters and not on the rate at which that
path is traversed then we refer to this as a geometric phase.

Common to many applications of geometric phases is the notion of adiabaticity.
The intuitive understanding of adiabaticity is that the changing parameters should
not fundamentally alter the natural dynamics of the system but rather should have
an effect consistent with the dynamics. If the original system is following a peri-
odic orbit, for example, then the geometric phase would be expected to affect the
position along the orbit but not alter the orbit itself. The physical consequences
of this notion vary from system to system. For example, in Berry’s phase the adi-
abatic restriction allows one to apply the quantum adiabatic theorem and assume
that if the system is begun in a stationary state then at any instant it will be in an
eigenstate of the instantaneous Hamiltonian. Simon showed that this allows one
to construct a line bundle over the parameter space and endow that bundle with a
natural connection[81] . In the classical setting of integrable systems the adiabatic
requirement allows us to take the action variables as adiabatic invariants ([36]) and
determine a geometric phase effect on the corresponding angle variables. In dissi-

pative systems, adiabaticity requires that the dissipative time scale is much faster



than the time scale of the variation of the parameters, thereby allowing the system
to relax to the equilibrium state (see [48] and Chapter 5 of this dissertation).

It is important to keep in mind that the adiabatic assumption is not a funda-
mental requirement for the existence of geometric phases. In reconstruction phases,
for example, the geometric terms arise naturally and exist regardless of the rate
at which the shape is changed. Similarly, Berry’s phase in quantum systems has

been extended to the non-adiabatic setting [3] (and comments in [62]).

1.3 Overview

In this thesis we focus on the geometric phase as an engineering tool useful in
both sensing and control. We begin in Chapter 2 with a rigorous definition of the
geometric phase by first giving a brief overview of fiber bundles and connections.
Using the connection, we then define the notion of parallel transport in the bundle.
This in turn allows us to describe the effect of parameter variation on the system
by defining how to lift the tangent vectors giving the motion of the parameters up
to the tangent space of the system. Finally, given a fiber bundle and a connection
on that bundle, the geometric phase is the holonomy of the connection. Defined
in this way, the geometric phase is an intrinsic geometric object, independent of
any particular coordinatization.

Recall the Foucault pendulum example and note that by measuring the shift
in the angle of the swing plane one can infer the rotation rate of the Earth. It
is precisely this viewpoint we adopt in Chapter 3 where we explore the use of
the geometric phase in sensing. Inspired by the Foucault pendulum, we utilize
the moving systems approach developed by Marsden, Montgomery, and Ratiu in

[57] to model the effect of imposed motion on a system. The resulting geometric



phase is termed the Hannay-Berry phase. It is assumed that the imposed motion
is adiabatic and the techniques of averaging are used to isolate its effects from
those of the natural dynamics. We illustrate the technique on the relatively simple
example of a free-floating, equal-sided, four-bar mechanism and then turn to our
main application of the theory, the vibrating ring gyroscope. As shown by G.H.
Bryan in 1890, an imposed rotation on a vibrating ring results in a precession of
the nodal points of vibration in the ring itself [20]. We show this effect is the
Hannay-Berry phase and then go on to use the inherently nonlinear nature of the
geometric phase approach to calculate a small nonlinear correction to the nodal
precession rate.

In practice the imposed motion on a system is not truly adiabatic but only very
slow with respect to the natural dynamics. In making the adiabatic approximation
higher-order terms in the rate of the imposed motion are discarded. Inspired
by work on non-adiabatic corrections to Berry’s phase in quantum systems, in
Chapter 4 we develop a technique to incorporate effects arising from the slow
but non-adiabatic nature of the imposed motion. To do so we use Hamiltonian
perturbation theory. The method is illustrated by applying it to the vibrating ring
gyroscope.

In Chapter 5 we shift our focus to geometric phases in dissipative systems
with symmetry. In this chapter we build upon earlier work by Landsberg [48, 49|
and develop a theory for finite-dimensional dissipative systems with symmetry.
Adiabaticity once again plays a large role. It is assumed that the system has an
exponentially asymptotically stable equilibrium point depending on a parameter
which can be controlled. If the parameter is varied adiabatically, the system will

stay near the varying equilibrium point at all times. Upon traversing a closed loop



in parameter space, the system will return to the original equilibrium point but
may experience a shift in the symmetry group. This shift is given by the holonomy
in a particular fiber bundle with respect to a connection we term the Landsberg
connection. The theory is illustrated through the use of a simple example.

In [13] Bloch, Krishnaprasad, Marsden, and Murray developed a geometric ap-
proach to nonholonomic mechanical systems . In this work they defined a new
connection called the nonholonomic connection which synthesizes the mechanical
connection defined by the kinetic energy of the system and a connection charac-
terizing the nonholonomic constraints. The method allows one to split the system
into dynamics on the reduced or shape space and dynamics on the group. The
group dynamics consist of a drift term depending on a time-dependent quantity
called the nonholonomic momentum and a geometric term given by the horizontal
lift of the curve in the shape space with respect to the nonholonomic connection.
In Chapter 6 we give a brief review of this approach and then investigate the role
of the geometric and drift terms through the use of a detailed example on the
three-dimensional Heisenberg group H (3).

We conclude in Chapter 7 with a few brief remarks and future research direc-

tions.

1.4 Contributions

There are four main contributions of this thesis. First, we develop a methodology
for using geometric phases as a mechanism for sensing imposed motion. To do
this we use the moving systems approach of Marsden, Montgomery, and Ratiu
to understand the effect of the imposed motion as a geometric phase, under the

assumption that the imposed motion is adiabatic. Using this method we are able



to re-derive the results of G.H. Bryan on the precession of the nodes of vibration in
a rotating, vibrating ring and then extend the results to include (small) nonlinear
corrections to the rate of precession of the nodes. In particular we show that the
nonlinear terms reduce the rate of precession and thus that the highest sensitivity
for these devices is obtained by operating them in the linear regime.

The second contribution is to extend the moving systems approach to account
for the non-adiabatic nature of the imposed motion. This is achieved by first
showing that the Hannay-Berry phase can be understood as a first-order (in the
rate of the imposed motion) correction to the nominal dynamics through the use
of Hamiltonian perturbation theory (normal forms). Non-adiabatic corrections are
then obtained by taking the perturbation to higher orders.

The third main result is the development of the theory of geometric phases in
dissipative systems with symmetry. This is done by describing these systems in
terms of the standard framework for geometric phases, i.e. fiber bundles, and then
defining a new connection, termed here the Landsberg connection, whose holonomy
is the geometric phase. A common feature in dissipative systems with symmetry
is the existence of patterns and in many cases these patterns are time dependent
(e.g. a traveling wave). To handle this we develop an appropriate definition of the
dynamic phase so that the resulting evolution of the system is a combination of the
time-independent geometric phase and the time-dependent dynamic phase. While
prior work assumed the symmetry group was abelian, our approach is applicable
to systems with arbitrary finite-dimensional symmetry groups.

The final contribution is an illustration of geometric phases in nonholonomic
systems with symmetry through the exploration of the H(3)—Racer. Using the

techniques of Bloch, Krishnaprasad, Marsden, and Montgomery [13]|, we derive



the equations of motion for the H(3)—Racer and determine the geometric and
dynamic phase equations. We show that for this system, the shape space is given
by R and thus, since any closed loop in the phase space has zero winding number,
the resulting geometric phase is zero. However, since the symmetry group describes
the overall position of the system, one can make sense of the geometric contribution

to the group motion due to arbitrary changes in the shape.

10



Chapter 2

Fiber bundles, connections, and

the geometric phase

The natural mathematical framework from which to approach geometric phases
is that of connections on fiber bundles. In this chapter we present a review of
the necessary background on fiber bundles, connections, and holonomy, both for
general Ehresmann connections and for principal connections on principal bundles.
Additional references for this material include [15, 32, 67] and references therein.

Throughout the thesis we assume familiarity with differential geometry, geo-

metric mechanics, and Lie groups (see, e.g., [1, 2, 32, 59, 67, 96]).

2.1 Fiber bundles and Ehresmann connections

A fiber bundle is defined as follows. Let P, F', and B be manifolds referred to as
the total space (or bundle space), the fiber, and the base space respectively.
Let m : P — B be a surjective submersion. We require that P be locally a product

space, that is, for every b € B there is a neighborhood U of b such that 7—!(U)

11



is diffeomorphic to F' x U. The fiber over b, 7~1(b), is a diffeomorphic copy of
the fiber F' for every b € B. See Figure 2.1. The bundle is denoted by the triple
T

v=n(b)

Figure 2.1: Fiber bundle, fiber over b, and splitting of tangent space

(P, F, B) or by the projection map 7 : P — B. If the bundle is globally a product
bundle, P = F' x B, then it is called a trivial fiber bundle.

Given p € P, there is a natural subspace of T,P (the tangent space to P at
p) called the vertical space at p, denoted by V, and defined by V, = kerT,m. Here
T,m is the linearization of the projection map evaluated at p. The union of these

subspaces over all p is called the vertical subbundle V', i.e. V 2 Upepr V).

Definition 2.1.1 An Ehresmann connection A on P is a vertical valued one-

form on P satisfying:
1. A, :T,P —V, is a linear map.

2. A, is a vertical projection. That is, Ay(v) =v Vv €V,
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The connection defines a horizontal space H, 2 kerA, at each point p € P. The
conditions in the definition imply 7,P = V, @ H, and thus the connection gives
us a splitting of the tangent space at each point p into a vertical and a horizontal
part (see again Figure 2.1). The union of these subspaces over all p is called the
horizontal subbundle, i.e. H = UpcpH,,.

Given an Ehresmann connection A, a point p € P, and a tangent vector w €
T B, define the horizontal lift of w to T),P as the unique tangent vector in H,

that projects to w under T,m. We call this lift hor,. The lift of w can be found by
hor,w = w — A, (w) (2.1)

where w € T, P is an arbitrary vector satisfying T, m(w) = w.

Lemma 2.1.2 The map hor, is well-defined.

Proof Let u;, us € TP be tangent vectors such that
Tom(uy) = Tpm(us) = w.
Notice that
Ty (uy —ug) = Tym (wy) = Tpm (u2) =u—u=0
and thus u; — uy is a vertical vector. Let
horp [u] =y, — Ayt and  hori[u] = Uy — A,Us.
Then

horf[u] —horl[u] = (u — Apur) — (U2 — Apls)
= (U1 — ) — Ap (U1 — us)

= (uy —ug) — (uy —uz) = 0.

13



]

It should be noted that while here we have defined the Ehresmann connection

as a vertical valued one-form and derived the horizontal space and horizontal lift,

one can also begin with the definition of the horizontal space or the horizontal lift
and define the other two objects. See [57] for details.

With an admitted abuse of notation we define the horizontal part of a tangent

vector X € T, P with respect to the connection A as
horX = X — A,(X). (2.2)

The meaning of the map hor should be clear from context.
The curvature of a vertical valued one-form A is the vertical valued two-form
B defined by
B(X,Y) = —A([horX, horY]) (2.3)

where [+, ] is the Jacobi-Lie bracket. The curvature is in fact the covariant deriva-

tive of the connection form (see [57]).

2.2 Principal fiber bundles and principal connec-
tions

Let P be a smooth manifold and let G be a Lie group that acts freely and properly
on P on the left. Because the action is free and proper the quotient space P/G
is also a manifold (see Proposition 4.1.23 in [1]). A principal fiber bundle with
structure group G is a fiber bundle 7 : P — P/G whose fibers are diffeomorphic

to the group G. Let g denote the Lie algebra associated to G.
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Definition 2.2.1 A principal connection on the principal bundle 7 : P — P/G

is a g-valued one form A : TP — g satisfying:

1. A(&p(p)) =€ VE € g andp € P where {p(p) is the infinitesimal generator

corresponding to &.
2. A is Ad—equivariant. That is,
A(T,®4(vy)) = AdgA(v,) Vv, € T,P and g € G (2.4)
where ®4 is the action of G on P and Ady is the adjoint action of G on g.

]
As in the general fiber bundle setting, the vertical space at p is V,, = kerT),m.
We have also V), = T),0rb(p), the tangent space to the group orbit through p. We

define the horizontal space of the connection to be
H, = {v, € T,P|A(v,) = 0} (2.5)

and the horizontal bundle H = U,cpH,. As before this gives a splitting of the
tangent space at each p, T,P = V, @ H,. This splitting defines an Ehresmann

connection associated to the principal connection, given by

Av) = (A(v))p(p) (2.6)

where (A(v))p is the infinitesimal generator of the group action corresponding to

A(v). The horizontal part of a vector X € T, P is given by
horX = X — (A(X))p(p). (2.7)
The curvature of A , denoted by B, is

B(X,Y) 2 = A(fhorX,horY]). (2.8)
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2.3 Parallel transport and holonomy

Given an Ehresmann connection A on a fiber bundle we define parallel transport

with respect to A along a curve lifted from the base space in the following way.

Let b(t), t € [0,1], be a piecewise differentiable curve in B. The horizontal lift

of b(t) with respect to A is the curve p(t) in P such that w(p(t)) = b(t) and that
dp(t)

the tangent vector =5~ is horizontal for each ¢ € [0,1]. We have the following

proposition from [57].

Proposition 2.3.1 [57] Given a curve b(t), t € [0,1], in B and a point py €
7 HD(0)), there exists a unique locally defined horizontal lift p(t) of b(t) to P

satisfying p(0) = po if P is a locally trivial fiber bundle.

Proof Since P is locally a trivial bundle we can write locally p = (b, f) and
p = (u,v) forb e B, f e F,u € T,;B, and v € TyF. We can then write the

connection one form as

A(b7 f) (u7 U) = (07 U) + A(bv f) <u> 0)

20,0+ \b, flu).

(u,v) is horizontal if and only if A(b, f)(u,v) = 0 and thus for a horizontal tangent
vector v = —A(b, f)u. If b(¢) is a path in B denote p(t) = (b(t), f(t)) where f(t) is

the solution to the ordinary differential equation

dr

2(0) = —\b), SO)0), F(0) = fy where po = (b, fo). (29)

Then by local existence and uniqueness for ordinary differential equations this
defines f(t) and thus p(t) for small t. If p(¢) can be extended for all ¢ € [0, 1] the

connection is called complete. [
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Given any curve b(t) in B, t € [0,1], and an Ehresmann connection A, the

parallel transport operator 7, is defined as

mom (b(0) — 7 (b(1)  m(p(0)) = p(1) (2.10)

where p(0) € 775(0) and p(t) is the horizontal lift of b(¢) with respect to A starting
at p(0).

By the uniqueness of the horizontal lift, 7, is a bijection from 7=1(b(0)) to
771(b(1)) and by the smooth dependence of solutions of ordinary differential equa-
tions on initial conditions it is a diffeomorphism.

Let by be an arbitrary point of B and let Cj, be the set of all closed curves
at bo, that is all b(¢) such that b(0) = b(1) = by. The diffeomorphism of 7 (by)
onto itself given by parallel transport along b(t) is called the holonomy of the
path b(t). Let ®,, be the collection of all parallel transport operators over Cy,
and define the group operation as composition. ®,, then forms a group, called the
holonomy group at by. (Assuming B is connected, it is easy to see that ®,, and
®,, are conjugate for any two by,b; € B. Thus if B is connected we have simply

®, the holonomy group of the connection.)

Definition 2.3.2 Given a bundle m : P — B, a connection on the bundle, and a
closed curve b(t) in the base space the geometric phase is the holonomy along

the curve b(t).

The geometric phase can be calculated by solving the ordinary differential equation

given in equation (2.9).

17



2.3.1 Principal bundle setting

If we are in the principal bundle setting then we can identify the holonomy group
as a subgroup of the structure group GG. To see this we follow the discussion in
[102]. Let A be a principal connection on the principal bundle 7 : P — P/G. Let
b(-) = {b(t),t € [0,1]} be a closed curve in the base space and let py € 71 (b(0)).
Assume b(+) is contained in an open set U of P/G. Let o : U — P be an arbitrary
local section of the bundle and let p(-) = {p(t),t € [0,1]} be the horizontal lift of
b(-) with p(0) = po. Finally, let g(-) = {g(t),t € [0,1]} be a curve in G such that
p(t) = ®(g(t),o(b(t))) where @ is the action of G on P. From the chain rule we
have
dp(t) :

o = Lo @0 Lo (b)) + Town) e ér(a(b(t))) (2.11)

where & = g(t)~'g and &p is the infinitesimal generator corresponding to . Since
p(t) is horizontal we have A(p) = 0. Applying the connection form to both sides

of equation (2.11) we have

0 = A [Tacbu))@g(t) [Ty (b(t)] + T, a<b<t>>‘1’g<t>€P(0(b(t)))]
= Ady [A(Tyo(b(1) + AEp(o(b(1)))]
= Ady [(A)(b() +¢]
where the second step follows from the equivariance of the connection form and the
third from the definition of the pull-back of a map and the fact that the connection

maps infinitesimal generators to the corresponding Lie algebra elements. The g-

valued form o*A is called the local connection form and is denoted A;,.. Thus
£ = — Auelb(1)). (2.12)
By the definition of £ we have

g= g(t)g =—g- Aloc(b(t)) (213)
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and the solution of this differential equation at ¢ = 1 is the geometric phase.

If G is an abelian group the geometric phase can be represented explicitly as

g(1) = exp (— /OlAloc(b(t))dt> — exp (— /DO'*B> (2.14)

where D is any surface in the base space with b(-) as the boundary and B is the

curvature form of the connection.
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Chapter 3

Geometric phases in sensing

3.1 Introduction

In this chapter we investigate the role of geometric phases in sensing and in par-
ticular focus on sensing rotational motion through the use of an effect called the
Hannay-Berry phase.

In 1890 G.H. Bryan published a paper on the nature of the beats generated
when a vibrating shell is rotated about its central axis [20]. The phenomenon he
describes is quite easy to observe; simply take a wine glass, strike it to produce
a clear tone, and then rotate it about its stem to produce audible beats. Bryan
noticed that these beats are the result of a precession of the nodal points with
respect to the shell itself and provided the following reasoning. Consider a ring or
cylinder rotating counter-clockwise about its central axis and vibrating with nodes
at B,D,F, and H as indicated in the left-side image of Figure 3.1. The material
points at A and E are moving towards the center O. This increases their actual
angular velocity above that of the imposed rotation and gives them a relative

angular acceleration in the direction of rotation as represented by the arrows at
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Figure 3.1: Nodal precession in cylinder or ring (Figure from [20])

A and E in the right side image of Figure 3.1. Similarly, the material points at C
and G are moving outwards and thus their angular velocity is reduced. Those
at B and F are moving with greater total angular velocity than the rest and
thus experience a relative outwards acceleration due to a greater centrifugal force.
Finally, the material points at D and H are moving with the least angular velocity
and thus experience a relative acceleration inwards. Comparing the arrows in the
two images of Figure 3.1 reveals that the effect of these relative accelerations is to
cause retrograde motion of the nodes relative to the ring. Using classical variational
techniques Bryan derived a linearized partial differential equation describing the
behavior of the system, found a formula for the rate of precession and discovered
that this rate is proportional to the rate of platform rotation.

Due to the immense number of potential applications, research on gyroscopes
has been active for many years. Devices have been proposed, analyzed, and pro-
duced using a variety of materials and techniques. Because they lack rapidly spin-

ning parts, have low power requirements, and are inherently scalable, vibratory
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gyroscopes have become particularly popular [75]. One of most successful initial
designs was Delco’s Hemispherical Resonator Gyroscope (HRG) [53] due to Loper
and Lynch, which was able to achieve performance levels equal to the best ring
laser gyroscopes. This design, shown diagrammatically in Figure 3.2, consists of a
quartz hemispherical resonator supported on a central stem and contained inside

an evacuated housing. As predicted by Bryan, the nodal points of the vibration in

High vacuum

enclosure

Figure 3.2: Delco HRG (Image from [50])

the hemisphere precess with respect to the shell as the device is rotated. The HRG
is driven into elliptical vibration and the resulting precession rate is about 0.3 of
that of the imposed rotation. The device operates over a wide temperature range,
has high operating acceleration ranges, low acceleration sensitivity, and negligible
magnetic sensitivity [54].

Similar ideas were used in the design of a vibrating disc gyroscope by Burdess
and Wren [22]. With the explosion of MEMS technology constant innovations are
resulting in smaller, cheaper, and more accurate devices. Existing MEMS-based
devices include tuning-fork [8] and vibrating-ring designs [7, 76] such as the one

shown in Figure 3.3 (provided by Douglas Sparks of Delco Automotive Systems).
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Additional designs proposed include a vibrating cylinder [21, 101} and a surface

acoustic wave generator [93].

J-Spring
Design

Figure 3.3: MEMS Gyroscope (Image courtesy of Douglas Sparks of Delco Auto-

motive Systems)

These gyroscopes all take advantage of the same physical effect, the Coriolis
force arising from the non-inertial character of the rotating frame of the system
[50]. Modern analyses are linear in nature and view the Coriolis force as provid-
ing a coupling between two vibratory modes of the structure [90]. It is desirable,
however, to have a method which, at least in principle, can be extended to a non-
linear theory and which provides a unified setting for understanding a variety of
systems in which the Coriolis force plays a role. Motivated by these considera-
tions we are led to an approach developed by Marsden, Montgomery, and Ratiu
based on modern developments in geometric mechanics. This method is known
as the moving systems approach [57]. The technique, descending from the clas-
sical work of E. Cartan [23], describes the effect of imposed motion on a system
as a geometric phase with respect to a particular Ehresmann connection called

the Cartan-Hannay-Berry connection. This geometric phase is called the Hannay-
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Berry phase.

While existing techniques have proved to be effective, as evidenced by the var-
ious devices constructed from those principles, it is to be expected that a deeper
understanding will emerge by appealing to a nonlinear, geometric approach di-
rected at more accurate constitutive models. The fact that Bryan’s result for the
vibrating ring shows that the nodal precession rate is proportional to the rate of
platform rotation is intriguing and suggests that these modern tools may prove
useful. In the next section we begin by describing the moving systems approach
and defining the Hannay-Berry phase. We illustrate the technique by applying it
to a free-floating, spring-jointed, equal-sided four-bar mechanism. We then show
how these ideas are useful in sensing by investigating the vibrating ring gyroscope.
In so doing we show that the precession of the nodal points of vibration can be un-
derstood as a Hannay-Berry phase. Embracing this approach allows us to clearly
understand the role of the linearizing assumptions common to earlier analyses of
this problem and to calculate the effect of the nonlinear terms by deriving a formula

for a correction to the nodal precession rate.

3.2 The Hannay-Berry phase

Let S be a Riemannian manifold and let M be the space of embeddings of a
manifold @) into S. We think of S as the ambient space in which () is being moved

and of () as the configuration space for a system of interest.

Lemma 3.2.1 A tangent vector u,, to M at m is a map u,, : Q — T'S such that

U (q) € Trn(g)S.
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Proof To prove this lemma we use the notion of a tangent vector as a derivation

(see, e.g. [96]). Let
v:la,b] — M
T = Y(r) (3.1)

be a curve on M such that ¢ (t) = m for some ¢ € [a,b]. Let F (M, m) be the set of
all smooth functions f : M — IR defined on a neighborhood of m (in the topology
of M). The tangent vector at m to M associated to the curve #(-) is denoted

. (t) € T,, M and is defined by its action on partial functions as follows.

e f = — (f(@(s)] , VfeF(M (). (3.2)

Now let g € F(S,9(t)(q)), that is g is a function on S defined on a neighborhood

of ¥(t)(q). Viewing g as a map of M into S defined by

qg: M — S

m +— m(q) (3.3)
we can define a function on M around v (t) by
fo=go0q: M — R. (3.4)

Then
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where @Z* € Thn(g)S is the tangent vector to S at m(q) associated to the curve on
S given by ¥(-)(¢g). From this the lemma follows. N

Given a tangent vector u,, to M one can construct a tangent vector to T,Q) as
follows. Relative to the metric on S orthogonally project the tangent vector u,,(q)
to Trnm(Q) € (Ty;m)(T,Q), denote this vector ., (¢q), and then pull-back u,(q)
by [Tm]_l to T,(). Using this natural construction, Marsden, Montgomery, and
Ratiu define an Ehresmann connection on the product bundle 7 : Q x M — M as

follows.

Definition 3.2.2 [57] The Cartan connection on 7 : Q X M — M is given by

the vertical valued one-form ~,. defined by

Ye(q, m) (vg, um) = (vg + ([Tm]_l ° UrTn)% 0). (3.5)

The Cartan connection induces a connection on p: T*Q) x M — M as follows.

Definition 3.2.3 [57] The induced Cartan connection on p: 7%Q x M — M

1s given by the vertical-valued one-form -, defined by

Yolttq, M) (Uny, Um) = (an + Xp(unm) (aq), 0) (3.6)
where P(up,) is the function defined by

(P(um)) g = ag - ([Tm] ™" 0 uy)(a) (3.7)

and Xp,,) is the Hamiltonian vector field of P(ty,). [ ]

To separate the effects of the imposed motion on the system (as defined by the

embeddings m;) from the nominal dynamics (when the imposed motion is zero)

26



we use the ideas of averaging. Abstractly, we assume we are given a left action of

a Lie group G on T*(@). The average of the connection form + is defined by

<y >= ﬁ /Gg*(v)dg (3.8)

where dg is a left Haar measure and |G| is the total volume of G. From this we

have the following definition.

Definition 3.2.4 [57] The Cartan-Hannay-Berry connection on p : T*Q X

M — M s given by the vertical-valued one-form v on T*Q x M defined by

Y(ag,m)(Ua,, tm) = (an + X punm)>(Qq), O) (3.9)

where < - > denotes the average with respect to the action of the Lie group G.

In [57] Marsden, Montgomery, and Ratiu show that this is an Ehresmann connec-

tion. The horizontal lift of a vector field Z on M relative to ~ is
(horZ)(eg,m) = (—X<pzmy>(aq), Z(m)) . (3.10)

Definition 3.2.5 [57] The holonomy of the Cartan-Hannay-Berry connection is

called the Hannay-Berry phase for a moving system. n

3.2.1 The adiabatic assumption

The Hannay-Berry phase captures the effects of the imposed motion on a system
under the assumption that this imposed motion is slow with respect to the nom-
inal dynamics. To better understand this adiabatic assumption, we consider the

following system (as in [59]). If a particle in @ is following a curve ¢(t) and if @ is
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in turn being moved in the ambient space S by superposing the motion my, then

the path of the particle in S is given by m;(q(t)). The velocity in S is then

Tonymeq(t) + Ze(me(q(t)))

where Z;(m(q)) = %my(q) (with ¢ viewed as fixed). The standard Lagrangian is

given by the kinetic energy minus the potential energy.
1
L(g,v) = 5| Towmew + Zi(mu(@)II* = V() = Ulm(g))- (3.11)

Here V is a given potential on ) and U is a given potential on S. To compute the
associated Hamiltonian we take the Legendre transform. Taking the derivative of

L with respect to v in the direction w yields

oL
% W = prw= <Tq(t)th + Zt(mt(Q(t))T7 Tq(t)mtw>mt(q(t))

where p-w is the natural pairing between the covector p € Tq*(t)Q and the vector w €
Ty @, (5 *)mu(q(r)) denotes the metric inner product on S at the point m,(q(t)), and
T denotes the orthogonal projection to T'm,(Q) using the metric of S at my(q(t)).

(@ inherits a metric from S such that m; is an isometry for each ¢. Thus

prw = <U + (Tq(t)mt)il ZtT(mt(Q(t))% w>f1(t)’

_ b A
=p = (v+ Tm) " 2 1)) £ (0 + Z) (3.12)
where b is the map T,Q — T;Q defined by
2w =(z,w), YweT,Q. (3.13)

The Hamiltonian is given by

H(q,p) = p-v—L(gv)

= bl = P(Z) ~ JIZH + Vi) + Ulm)  (314)
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where Z* = Z,— ZT is the orthogonal complement of Z; and P(Z;) is the function

on T*@Q (defined in equation (3.7)) given by

P(Z:)(q,p) =p- Zi(q)-

Define the nominal Hamiltonian Hy by setting Z; = 0 and U = 0. The term
P(Z;) captures what are classically referred to as the Coriolis terms and || Z;||?
captures the centrifugal terms.

Recall now that we have a compact Lie group G acting on 7% on the left.

Assuming the group action leaves the nominal Hamiltonian invariant and applying

the corresponding average we obtain

<H > (g.9) = 3o~ < P(2) > —3 <1 ZHIP > +Vig)+ < Ulmi(a)) >
(3.15)
Invoking the adiabatic assumption, we discard < || Z;-||?> > since it is small with
respect to the other terms in the averaged Hamiltonian. (In Chapter 4 we develop
an approach which seeks to account for the fact that the imposed motion, while

slow, is not truly adiabatic.) After discarding the centrifugal terms the dynamics

of the Hamiltonian system are governed by the Hamiltonian vector field
X<H> = XHO - X<73(Zt)> + X<Uomt>' (3-16)

The second term captures the effect of the imposed motion in the adiabatic
limit and is precisely the term given by the horizontal lift of the vector field Z;

with respect to the Cartan-Hannay-Berry connection as defined in equation (3.10).

3.2.2 Geometric character of the Hannay-Berry phase

The effect of the vector field X_p(z,)> is geometric in nature. By this we mean

that the resulting change in the system is independent of the parametrization of
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the curve followed in the base space M, i.e. the effect depends only on the loop
itself and not on how it is traversed. To see this explicitly recall that the vector
field —X_p(z,)> is the horizontal lift of a vector field Z; on the base space M to
the fiber T*(Q with respect to the Cartan-Hannay-Berry connection and is thus a
linear map of Z;. Denoting points in T*Q) by z, the ordinary differential equation

defining the Hannay-Berry phase may be expressed as

dz
— = —Xopzy> = D(2)Z,.

dt

In coordinates, D(z) is a matrix taking tangent vectors on M to tangent vectors
on T*Q. We now change the time parametrization by taking ¢ ~— 7(¢) with %

strictly positive. Under this new parametrization, the vector field Z; is scaled by

Z—; and thus

dz dzdr dr
T _py (L) z,.
i ara - PP (dt) T

We then have

dz
— =D(2)Z..
dr (2)

The equation defining the Hannay-Berry phase is thus independent of the time

parametrization.

3.3 Equal-sided, spring-jointed, four-bar linkage

In this section we apply the moving systems approach to find the Hannay-Berry
phase of a free-floating, equal-sided, spring-jointed, four-bar mechanism. Our goal
is to determine whether an imposed rotation on this system results in a clearly

measurable effect that can be used to sense this imposed motion. We will show
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that the Hannay-Berry phase in this system is in fact zero and therefore that this
mechanism does not constitute a viable device for sensing rotational motion.

The study of the four-bar mechanism has a long history, dating at least back
to the work of Grashof in the mid-nineteenth century [35]. (See, e.g., [73] and
references therein.) In this work we build on an analysis of the dynamics of four-
bar linkages due to Yang and Krishnaprasad [103].

The structure of an equal-sided four-bar mechanism is shown in Figure 3.4. By

Inertial Frame

Figure 3.4: Equal-Sided Four-Bar Mechanism

a 'bar’ we mean a planar rigid body on which the center of mass and pin joints
are arbitrarily located. The identical bars are labeled sequentially from 0 to 3 and
on each a body-fixed frame is defined such that its origin is at the body center of
mass and the x-axis is parallel to the line connecting the pin joints. The positive
direction of the x-axis of the i*" bar is defined to be towards the (i + 1) bar for
1 =0,1,2,3 where we adopt the convention of modulo four addition for subscripts.

We define the following:

d, the vector from the body center of mass of the i bar to the pin joint
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with the (i 4 1)™ bar
d_  the vector from the body center of mass of the i*" bar to the pin joint
with the (i — 1)™ bar
[ the length of each bar, given by ||d; —d_||
TS the vector from the system center of mass to the i body
center of mass
r. the vector from the origin of the inertial system to the system
center of mass
;  the angle between the i bar frame and the inertial frame
0;;  the angle 6; — 6; between the i"" and ;" bars

I,m  the moment of inertia and mass of each bar
From Figure 3.4 we have that
ri =71+ R(0;)dy — R(0;31)d—, i=0,1,2,3. (3.17)
Here R(6;) is the rotation matrix given by

R(6,) = cos(6;) —sin(6;)
sin(0;)  cos(6;)

Using these equations recursively we obtain the loop closure constraint

F(r)=)_R(6;)(dy —d_) =0. (3.18)

From [82] we know the configuration space for a free-floating four-link open
chain is R = R? x S* x S' x S' x S*. The configuration space for a general four-
bar mechanism is then S = {r € R|F(r) = 0}. For a mechanism with identical

bars, by explicitly requiring that the mechanism not pass through any singularities
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(joint angles of 0 or m) we can ensure S is a smooth submanifold of R. This is

shown in the following lemma.

Lemma 3.3.1 S = {r e R|F(r) =0,0;11; # 0,0,41; # 7} is a smooth submani-
fold of R.

Proof We need only show that 0 is a regular value of F since then S is a smooth
submanifold of M. We have:

F F 0oF O0OF O0F OF O0OF
0 (8 0 0 0 0 0 ) (3.19)

om  \oxr dy 00, 00, 00, 00

Since d; ;41 — d;;—1 is the vector connecting the pin joints on the ith bar we can

write
cos(6;)
R(0;)(di i1 — diim1) =1
sin(6;)
Then
0 0 —Isin(8 —Isin(60 —Isin(6 —sin(60
S_TI:L _ (6o) (61) (62) (63) (3.20)

0 0 lcos(fy) lcos(6y) lcos(fy)  lcos(fs)

The nontrivial 2 x 2 subdeterminants are:

—12sin(fy) cos(6;) + 12 cos(Bp) sin(6y) = Zsin(6;, — 6p) 2 g1 (m),
—I?sin(6y) cos(By) + 1? cos(6p) sin(fy) = [*sin(By — 6p) 2 g2(m),
—1?sin(fy) cos(fs) + 1> cos(p) sin(f3) = (*sin(hs — ) 2 gs(m),
—12sin(6)) cos(fs) + 12 cos(6y) sin(6y) = (2sin(fy — 6;) 2 ga(m),
—1?sin(6) cos(fs) + 1* cos(61) sin(f3) = [*sin(fs — 6;) 2 gs(m),
—125in(6y) cos(03) + 12 cos(fs) sin(f;) = [*sin(fs — 02) 2 go(m).

To ensure that 0 is a regular value of F we must simply ensure that for all possible

values of 0; at least one g;(m) # 0. To have g;(m) = 0 for all i we must have

33



0ir1 —0; = 0;41;, = 0 or 7 for all . However 6;;,; = 0 or 7 is expressly forbidden
by the restriction that the mechanism may not achieve any singular configuration.
|

While in the general four-bar mechanism the relations between the angles 6;
can be quite complicated (see, for example, [19] or [102]) they have a particularly

simple form for the equal-sided case, namely
Oy =00+ T, O3 =6y — . (3.21)
From this we have the following set of equalities
O30 = 010, 0o = bp3 =7 — Oho, O3 =0y = . (3.22)

Thus we see that for the free-floating, equal-sided four-bar linkage the configuration
is completely specified by the choice of one global angle and one joint angle. We
arbitrarily choose 0y and 61y. The singular points then correspond to #p =0 or m
and after removing these points the configuration space is given by S x {(0,7) U
(0, —m)}. Since the joint angle is not allowed to pass through the singular points
we may arbitrarily choose either one of the connected components of this space to
describe the configuration of our system with the additional requirement that the
initial condition lie in the component we have chosen. Without loss of generality,
then, we take S = S! x (0, 7) as the configuration space of the free-floating equal-
sided four-bar mechanism.

As in Yang and Krishnaprasad [103] we assume the inertial observer is placed
at the system center of mass. (We can do this because the kinetic energy of the
system is invariant under translations in inertial space and the configuration space
can then be symplectically reduced by the translation group IR* as in Sreenath

[82].) The total kinetic energy of the system in the center of mass frame is given
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by
1< 1<
_ 2 -cl|2
T = 5[ ;:0 wi +5m ;:0 |l71)° (3.23)

Following [103] we can write this as
1, —
T = §(w, M) (3.24)

where W = (wp, w1, ws,ws) and M is a 4x4 symmetric matrix whose elements for

the equal-sided four-bar are

~ 3m

My = 1+ (Ide ]2+ ld-1P%). (3.25)
~ m
Miin = ¢ ((d-, Ri1,d4) — 3(dy, Rip1,d-)), (3.26)
~ m
M2 = ) (<d+7 Ri+2,id+> + <d_, Ri+2,id—>) : (3-27)

Here R; j; = R(6; — 0;). From equation (3.21) we have

w W
e (3.28)
w3 w1
where w; = 81 Define
| 1
M= T)M (3.29)
T
where 1 is the identity matrix. Then
1 | w W
T= “lom| T . (3.30)
w1 w1

M is symmetric and depends only on the joint angles and thus, given the
relations (3.22), depends only on #15. We would like to express the entries in this

matrix in terms of the parameters of the four-bar linkage. From equations (3.22),
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(3.25),(3.27), and (3.29), we have

Moo = Moo+ Moy + Moo + Moy

= 2(Moo + Mpo)

= 2+ 2+ )+ P+ )

= 20+ m([[d4[* + [[d-[*), (3.31)
My = My + My + My + May

= Q(Mu +]\713)

= 2(Moo + Mpy)

From equations (3.22), (3.26), and (3.29) we have

My = ]T/[/m + MH + ]\7/30 + ]/\\/[/32
= 2(M10 + Mlz)

m

1 ((d—, Ry ody) — 3(d, Ry od-)

+<d—7 RW—910d+> - 3<d+7 Rﬂ—elod—>) : (333)

Now

cos(m — 019) —sin(w — byp)
Re_g,, =
sin(m — 619)  cos(m — 01p)

— 608(910) - Sill(@m) R (3 34)
_ = —{v,1- :

sin(@lg) — COS(Qlo)

Plugging this result into equation (3.33) yields

m
Mo = 7

((d_, Riod;) — 3(dy, Ryod_)

—(d_, Roydy) + 3(d, Rg1d_))
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= m({d-, Riody) — (d+, Rid-))

= 2m(d\d> — d%d")sin(6ho). (3.35)

where d, is the j™ component of dy. Consider the diagram of a single bar in

Figure 3.5. We have

Thus

l l
did® — d2dE = (= +6,)(5,) + (6,) (5 — 6.) = 13,

2 2

Plugging this into equation (3.35) gives
M01 = 2ml5ysin(910). (336)

Since M is symmetric we have My, = M.

We now rewrite the kinetic energy in equation (3.30) as

Ty | ) (3.37)

w10 w10
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where

M= . (3.38)
My + My My

This defines a Riemannian metric K on S given by
K (010)(X, W) = (X, M(610)W), X, W € Tig0:0)5- (3.39)

Each joint is equipped with an identical spring. Let the spring potential for
each be given by Vi(6;414), ¢ = 0,1,2,3 with V; twice continuously differentiable.
The total potential energy is then

3
V(6o,01,02,05) = > V(i)
i=0
= Vi(010) + Vi(m — O10) + Vi(010) + Vi(m — b10)

= 2(Vi(bho) + Vil — 610)) = V(6r0). (3.40)

We assume the potential energy is such that there exists a € {0, 7} such that

ov 0*V
—| =0 —| >0. 3.41
A (3.41)
For convenience we take Vi(a) = 0.
The Lagrangian is given by
1 Wo —~ Wo
L(elo,wlo) = §< ,M(Qw) > — V(@lg) (342)
w10 w10

Consider now the following action ®, of the Lie group S* on S.
<I>g(90, 910) = (90 + g, 910). (343)
We have the following lemma.

Lemma 3.3.2 (S, K,V,S") is a simple mechanical system with symmetry where
the action of S* on S is given by equation (3.43). (For a definition and discussion

of simple mechanical systems with symmetry see Section 4.5 of [1].)
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Proof Immediate since both the kinetic energy given by K and the potential
energy V' are invariant with respect to the given action. ]

Since the action is both free and proper the reduced space is a manifold. Recall
that we defined S = S* x (0,7). The reduced (or shape) space is then Q = (0, )
with the coordinate 6;y. In the language of the moving systems approach, () is the
configuration space and S is the ambient space. To slowly rotate the mechanism
set 0 = Qt + (/9\0 for some fixed initial offset 50. Note that 6y and 6y + 27 are
identified. The imposed motion on the four-bar is captured by the parametrized

family of embeddings from () into S given by

my(010) = : (3.44)

3.3.1 The nominal dynamics

The nominal dynamics is given by the nominal Lagrangian defined by setting 2 = 0

in equation (3.44). Using this in equation (3.42) we have
LN™ (019, wio) = %uﬁo — V(610). (3.45)
The conjugate momentum, defined by the Legendre transform, is given by
p10 = Miwio.

The corresponding Hamiltonian is then

2
HYN™(010, p1o) = 22;\2;) + V(610) (3.46)
11

and thus the nominal dynamics is

wio= >+, Po=—%,- (3.47)
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Existence of periodic solutions in the nominal system

From equations (3.41) and (3.47), we see that there is an equilibrium point at
010 = o and p;p = 0. To ensure the existence of a periodic solution we appeal to

the following theorem by Weinstein [98], paraphrased from [64].

Theorem 3.3.3 [98] Consider H : R** — R. If H is twice continuously differen-
tiable near an equilibrium point z and the Hessian matrix at the equilibrium point is
positive definite, then for sufficiently small € any energy surface H(z) = H(0) + €

contains at least n periodic orbits of the associated Hamiltonian system. [
Using this theorem we obtain the following lemma.

Lemma 3.3.4 If the total energy is sufficiently small, then there exists a periodic
orbit around the equilibrium (019 = «,p1g = 0) for the nominal four-bar system

defined by the Hamiltonian in equation (3.46).

Proof The Hessian matrix at the equilibrium of the Hamiltonian for the nominal

system is
9%H 0%V
9°H 0 oV 0
Hess= | "o = [ % . (3.48)
0 &8 0 Mt
%10/ l(a0) " H(ao)

Since M is positive definite by its construction, M;; > 0. By assumption the
Hessian of V' at « is positive definite. Therefore by Theorem (3.3.3) there is a
periodic solution around the equilibrium if the energy is sufficiently small. [ ]

Action-angle coordinates for the nominal system

Since this is a one-degree-of-freedom system it is integrable and thus there exist

action-angle coordinates (J,¢) [6]. Let I'(h) be the trajectory in phase space
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corresponding to the energy h. Then

1

J=—
2 I'(h)

p1odio. (3.49)

The trajectory I'(h) and thus the action depends on the form of V' (615). We can

write in general

J = 91(91072910), 0o = fl(tL ¢),
<Z5=g2(9107p10)7 P10 = f2(J7 ¢)-

The action is a constant of the motion in the nominal system and we can express

(3.50)

HNom<9107p10) — HNom(J).

3.3.2 The Hannay-Berry phase of the four-bar linkage

From equation (3.44), the velocity vector of the motion in S is

d 0 Q
o (my(bho)) = +
w10 0

and thus the tangent vector we need to project is

. Q
2= zma@) = | | (3.51)

The projection of Z to T, qym¢(Q) with respect to the kinetic energy metric on S

is given by Z7 = Z — Z+ where Z* satisfies the following orthogonality condition.
K(010)(Z5,X) =0 VX € Ty mu(Q).

Examining equation (3.44) we see that any tangent vector X € T,,,m:(Q)

has the form

0
X = , weT,Q.
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Since Z7 € T, (oymu(Q), we have, from Z7 = Z — Z+ and equation (3.51),

= - (3.52)
WzT 0 ZJ—2

= w[(Mn + Mlo(elo))Q + M112L2], Yw € TqQ

and so

Z+= . : (3.53)

—Q [M10(910)+M11}
My,
We thus have

zt = ! : (3.54)

0 |:M10(910)+M11i|
My

The pull-back of Z7 to T,Q by [T m]fl is given by projection onto the second

factor. Thus

(3.55)

Z=[m " 2T =0 {Mm(@l“) i M”} .
Mll

The function P(Z) defining the horizontal lift relative to the induced Cartan

connection is then (following equation (3.7))

P(Z) (010, pro) = O {Mm(@m) + Mn} — [Mm(fl(J, ®)) + My,

Mll ]\411 :| f2(J7 ¢)

(3.56)
where we have expressed the function in terms of the action-angle coordinates
given by equation (3.50). The flow of the nominal system induces an S' action

on T™() and the average with respect to this action is simply the average over one
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cycle of the angle coordinate ¢. Thus the Hamiltonian function defining the lift

with respect to the Cartan-Hannay-Berry connection is

<P(Z)> =

1 T Mio(fi(J,9)) + M
2T 0 Mu

Q 2
:ihMH[:(Mh+AMUKL@DﬁUﬁW¢
Q

= 5o ) (3.57)

) (7, 8)d

where we have defined the function

f() = /0 " (Mu + Mio(fi (. 8))) falJ. 6)do. (3.58)

The horizontal lift of Z; with respect to the Cartan-Hannay-Berry connection

is (following equation (3.10))

(9 oh o
( X<P(Zt)>7Q) - ( 27TM11 &] aQS?Q .

Let T = %” be the time at which we complete one full revolution (imposed

motion) of the mechanism. The Hannay-Berry phase is then

9 [Tofs() QT Afs(J) 1 Afs(J)
A¢__27TM11/0 dJ dt__zern oJ My 0J (3:59)

Assuming the initial conditions are such that the periodic solutions of the
nominal system are of small amplitude, we expand V' (6y9) about the equilibrium
point a.

1 0*V

— 5 87%0 ((910 — Oé>2 + O<<910 — Oé>3)

«

V (610)

Perform a change of coordinates iy = 619 — a to get

1 0%V
V(o) = 2 92 Uiy + O((¢10)?). (3.60)

0
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In the small angle limit we take the potential only to second order. The nominal

Hamiltonian is then

C2M;,, 27 ‘

where we have made the obvious definition for k. This is the Hamiltonian for a

harmonic oscillator. From [6] we know that

h
J=— .62
- (362)
where w = MLU is the frequency of oscillation and A is the energy corresponding
to the initial conditions. From equations (3.61) and (3.62) we have
Pro + KMy,
J = . (3.63)
2/ kM,
The angle variable is the phase of the oscillation. Therefore
2] 1%
= A , A= 3.64
Y10 cos(¢) [ kMu] ( )
and thus
2
010 = o + [ kMH] cos ¢ = f1(J, d). (3.65)

From Hamilton’s equations for the nominal system of equation (3.61), we have

that 119 = ]%01 and therefore, applying equation (3.64), we have

po = — [27v/kMu] " sing = fo(J, ). (3.66)

Using equations (3.65), (3.66), and (3.36) in the function P(Z) given by equation

(3.56), we obtain

2mls : ;
1+ ]\ﬂ; Y sin <a—|— {%ﬂ] cosgb)] [ZJ\/k:MH} sing. (3.67)

P(Z) = —Q

11
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The average of P(Z;) over one period of ¢ is then

=

Q12Jv kM 2
<P(2)> = - [ ) {/ sin ¢pd¢
2 0
2% 9l 2.J r
+ Ysin | o+ | ——=| cos sin ¢d
o Mn < { kM, ¢ P
1 27
. _Q\/kMH {le(;y} oS a+|: 2J :|2COS¢
= 0. (3.68)

Thus in the limit of small oscillations of the four-bar linkage (i.e. with linear

springs) we have that the Hannay-Berry phase is zero.

3.3.3 Comments on the four-bar results

In this section we have explored the Hannay-Berry phase for a rotating, equal-sided,
spring-jointed four-bar mechanism and have shown that in the small oscillation
limit the Hannay-Berry phase is zero.

The calculation of action-angle coordinates in general involves solving (analyti-
cally) the nominal dynamics and thus is not practical for generic spring potentials.
One can, however, investigate the effect of the imposed rotation through numerical
simulations. In Figure 3.6 we show a simulation of a four-bar mechanism with a
quartic spring potential undergoing an imposed rotation at a rate of 0.001 rad/s,
two orders of magnitude smaller than the nominal frequency.

The full dynamics are simulated; i.e. we start from the general Hamiltonian in

equation (3.14), show that for the four-bar mechanism we have

2
H(610,p10) = Pio + V(019) — Q2 (

oM, )P o T

M10+M11) 0 (MOQO_M%U)
2

and then numerically integrate the corresponding system.
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Figure 3.6: Quartic spring potential, Q = 0.001 rad/s

The first and second plots in Figure 3.6 show the time evolution of the joint
angle and the conjugate momentum while the third plot shows the difference be-
tween the time evolution of the joint angle and the time evolution of the joint angle
in the nominal system, i.e. one in which €2 = 0. From this plot we see that there
is a small amplitude, zero average periodic difference in the time evolution of the
nominal system and of the true system. The effect is the same for other (small)
values of €2 and we thus conclude that the Hannay-Berry phase is zero. From these
results we see that the equal-sided, spring-jointed, four-bar mechanism does not
constitute a viable mechanism for sensing rotational motion.

As a point of exploration, in Figure 3.7 we show the results for an imposed
rotation rate of the same order of magnitude as the frequency of the nominal
dynamics. The third plot clearly shows that when the adiabatic assumption is
strongly violated then the dynamics are severely affected and the geometric theory
proposed here no longer applies. In Chapter 4 we extend the moving systems
approach to handle the intermediate case when the imposed motion is slow but no

longer assumed to be adiabatic.
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Figure 3.7: Quartic spring potential, 2 = 1.0 rad/s

3.4 The vibrating ring gyroscope

In this section we derive the Hannay-Berry phase for the vibrating ring gyroscope.
Using the moving systems approach we first find an explicit formula for the phase
shift under linearizing assumptions and show that this result matches that of G.H.
Bryan [20]. We then derive a correction term to account for the nonlinear effects
arising from the imposed motion. In this work we are interested in the effects of the
imposed rotatory motion and as a consequence choose to simplify the analysis of
the ring dynamics by assuming the ring has no cross-sectional area. This choice also
allows a direct comparison to the results derived by Bryan. A more comprehensive
treatment based on the geometrically exact theory of rods could be developed to
understand the detailed dynamics of the ring itself (see, for example, [74]).

Consider a thin ring of length L and line density ¢. The body is given by
B={b:bel0,L]}. Let 6 be the mapping given by

0:B — St

27
b — b
- (%)

allowing us to parametrize the ring by 6 € [0,27]. We define the reference con-
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figuration to be a circular ring of radius a centered on an inertial reference frame
and (w(f),v(0)) to be the radial and angular deformations from this reference
respectively. To maintain integrity of the ring we require w(0) = w(27) and
7(0) = v(27). In standard cylindrical coordinates the configuration of the ring is
given by (a + w(6),0 + v(0)). Let C be the space of all smooth deformations of
the ring. (We do not discuss here the explicit infinite dimensional manifold struc-
ture for C and associated structures, although it is standard as in [56]). Since we
are interested in imposed rotational movements of the ring (as a sensor), we split
7(0) = Y+ a(f) with a(0) = a(27) where v, independent of 0, is a global rotation.

We now use the following argument of Rayleigh [77]. Since the ring is thin the
forces resisting bending are small in comparison to those which resist extension. In
the limiting case of an infinitely thin ring the flexural vibrations become indepen-
dent of any extension of the circumference as a whole and one may assume that
each part of the circumference retains its natural length throughout the motion.
Under this condition we say the ring is inextensible. Viewing the deformed ring as

a curve in IR?, a point on the curve is given in Cartesian coordinates by

z(0) _ (a+w(0))cos(d+ ~(0)) | (3.60)
y(0) (a+w(f))sin(0 +~(0))

Equating the lengths of an arbitrary section of the circumference of the reference

configuration to the length of the same section in the deformed configuration yields

92 92
/ add = / ) do
o1 61
’ dy ow\*
= /91 \/a—l—w 1+ 89) + (%> do. (3.70)

Since 0, and 0y are arbitrary we have
oy ow\>
0 = (a+w)? (1—1—89) +(%> —a
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0
= 2aw + w* + 2(a® + 2aw + wz)—7

00
0 ow

+(a? + 2aw + w?) (%)2 + <%)2 : (3.71)

From here on we assume the deformations are small and so we keep only terms

to first order in equation (3.71). The inextensibility condition then requires that

Oy Oa
“90 = "0

w =

(3.72)
From the above the space C is given by
C={(,a)p e S a:S"— S a(0)=a2r),asmooth}.

Any W € T4 )C has the form (with overdot denoting the partial derivative
with respect to time)
¢
W = . (3.73)
a(0)

The kinetic energy is easily verified to be

KE = %/D% [(1 — %‘;)2 (W + 2pa(h) + oﬂ(@)) + (%)1 cadd  (3.74)

where equation (3.72) has been used to express w in terms of a. This defines an

inner product on C given by

(W, W) = /027r [(1 - %)2 (@1&2 + 1oy (6) + Pr6a(6) + 0'41(9)(342(6)>

s, 0y

et 3 3
5 70 ] oa’df. (3.75)

As in Bryan, we take the potential energy due to the bending of the ring to be

proportional to the change in curvature squared of the ring. That is

g [ 2
V=g /0 (Ka(0) — Kazo(0))? adf (3.76)
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where k,(0) is the curvature of the ring at the material point 6 under the defor-

mation « and [ is a material constant. Following [45] we have the following. For

a curve (r(t), ¢(t)) defined in polar coordinates, the curvature is given by

(22 + rid — i + r2%)
4 )]

In the §—parametrization, the configuration of the ring under the deformation
(v, w) is given by the curve
r(@) = a+w(d),
ol) = 0+¢v+ ).

(3.78)

Using equation (3.78) in (3.77) to express the curvature of the ring under the
deformation (w,«), we find (keeping only terms to first-order in the numerator
and denominator)

(—a + a® + 2aw + 3a%92)

Kaw(0) =
w(?) (a2+3a2w+3a3g—3)

(3.79)

Writing the curvature in terms of o alone using the inextensibility condition of

equation (3.72) yields

Ka(0) = . (3.80)

From this we have ka=o(#) = . Using these results in the potential energy of

equation (3.76) yields

Vv

- 2
_ B[ {330‘ 80‘} do. (3.81)

= R + -
2a J, 003 00
In Bryan’s original work the potential energy included also a term capturing
the work done in stretching the ring and the work done against an attracting

force which he introduced to separate the effects of the centrifugal force from the

remaining terms. These two terms are related by a simple equation involving the
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rate of the imposed rotation and at the conclusion of his analysis Bryan chooses the
attracting force so as to cancel the tension, leaving only the work done in bending.
Here we take a simpler approach, similar to Rayleigh, and omit those terms at the
outset.

The standard Lagrangian function is defined to be the kinetic minus potential

energies and is given here by

L = %/02” [(1 - 2—3)2 (@P + 2 (6) +a2<0)) + (%)1 oa’dd

B ([P  0a)’
2 g, 9 g, 82
2 ), oo Tag| ¥ (3:82)
Consider now the following action ®, of S* on C.
(v, a) = (¥ + g, ). (3.83)

We have the following lemma.

Lemma 3.4.1 (C,(-,-),V,S') is a simple mechanical system with symmetry where

the action of S* on C is given by equation (3.83).

Proof Immediate since both (-,-) and V' are invariant under the given action of
St on C. n
Since the given action is both free and proper, the reduced space Q = C/S!

given by
Q= {a:S"— SYa(0) = a(2r), a smooth}

is also a manifold. To fix notation in relation to the general theory presented in
Section 3.2, we note that Q = C/S" is the configuration space for the ring and

S = C is the ambient space in which ) is moved. To slowly rotate the ring we set
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¥ = o + Qt (identifying ¢ = 0 with ¢» = 27) for some small {2 and some fixed

initial offset 1y so that the embedding from @ to S is given by
me(a(0)) = (Yo + Qt, a(0)). (3.84)

3.4.1 The nominal dynamics

The nominal dynamics is given by setting {2 = 0 in equation (3.84). Applying this

to equation (3.82) yields the nominal Lagrangian.

LN (0, 6) = /0%{07&3[<1_?‘9_3)2d2+(2’_3>1

3 [ 0a]”
~ o [%*%} do (3.85)

The action integral for this Lagrangian is defined to be
A [
JI(a, &) = / LNo™ (o, &) dt.

The Euler-Lagrange equations for this system are found by applying Hamilton’s

principle of critical action (see, e.g. [1]) which states that

b
5T (v, ) = 5/ LN (o, é&)dt = 0

for all variations among paths 7n(t) in ¢ with fixed end-points. Applying the

variation yields

J(a+en, &+ en)

5T (,q) = % By
L (2 s (2]

B [Platen) daten]
5|t o dodt

_ 4
 de
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b da\ .,0n da’\” A O
- 3 . o .2_ o o e e
- //0 {‘m [ (1 ae)o‘ ae+(1 ae) W90 90

B[Ba  0al [Py 0On

Using integration by parts repeatably on the space variable and the fact that
for any element £(-) € @ we have £(0) = £(27), the variation of the action can be

rewritten as

b 2w Oa\ O 0« oo\ 2
o 5 B . 5 B ..
0T (o, &) = /a /0 {aa [2 (1 _89) 504~ 72 n + (1 _80) amn

o B[0% 0'a 0*a
—wﬁ} _'_E |:806 +2894 + ae2:| ﬁ}d@dt

Using integration by parts once again, this time on the time variable, and

utilizing the end point condition on the variations 7 yields

b 2w oo\ 0 . O« oo\ 2 926
0J (@, a) = / /0 {‘m [4 (1 ae) 00" 002 (1 ae) Ot Hp

3 {(‘36(1 N a 8204}}

o a0t T o

a

Since this must equal zero for all variations 1 we obtain the Euler-Lagrange

equations for the nominal system.

002 062 00 ) 00 00
B [0% _d*a O«
+> [096 +2o0 oo (3.86)

To simplify this difficult nonlinear partial differential equation we use the as-
sumption that the deformations are small and replace the above equation by its

linearization, resulting in the following equation of motion for «.

0% B [0% _d*a 0O’«a
3| . 2 _
i [092 O‘} T [092 BRI (3.87)
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Existence and uniqueness of solutions to the linearized nominal dynam-
ics

To establish the existence and uniqueness of solutions to equation (3.87) we will
appeal to methods of functional analysis and in particular to the real version of
Stone’s theorem. (For a more detailed presentation of the methods used here see

[4, 56]. Further examples can also be found in [74].)

We first need a few definitions to establish notation. Define the spaces

LP(U,R"™) = {u : U — R"|u smooth, ||u||» = (/ Hqudx) " < oo} (3.88)
U

for 1 < p < oo (with ||ul[ze = esssup,y ||u(x)|]). Here || - || is the standard

Euclidean metric on R". Define W?(U, R") as
WP (U, R") = {u : U — R"|u smooth,u € LP(U,R"), Du € L*(U,R™)} (3.89)

and similarly define the Sobolev spaces W*P(U,R") for s a positive integer. (Here
D is the Frechét derivative.)

Stone’s theorem (see, e.g. [104], Section IX.9 or [56], Section 6.2) establishes
existence and uniqueness of solutions for linear systems defined by a skew-adjoint

operator on a real Hilbert space.

Theorem 3.4.2 (Real version of Stone’s Theorem) Let A be a skew-adjoint
operator on a real Hilbert space (i.e. A = —A*). Then A generates a one-
parameter unitary group. Conversely, if A generates a one-parameter unitary

group, then it is skew-adjoint. n

We now define the appropriate operator and real Hilbert space for the linearized

version of the vibrating ring defined by equation (3.87). Let k = 072”4 and define
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the operators L and P by

82
o° o 0?
Po= [8496 et 802} (391)

where 1 is the identity operator. Equation (3.87) then reads

1

& = —EL_IPa. (3.92)
Let 1 = o and 29 = &. Then
j}l O ]I X1
iil'g —%L_lp 0 i)
T
= A (3.93)
o)

which defines the operator A. The corresponding space for this problem is
H = {(z1,22) € WP (5", R?) x W"(S',R?)| D'z (0) = D'zy(27),

i=0,1,2,3, D/ay(0) = D/xy(27), j=0,1}. (3.94)

To make H into a Hilbert space we endow it with the total energy inner product.
Taking the kinetic energy, equation (3.74), and potential energy, equation (3.81),

to second order in «, &, the total energy for the linearized system can be expressed

1 2
=3 |
2 Jo

and thus the inner product on H is

1 [ 09 0Yo Pry Oy Py O B
(. y) 2/0 {“yﬁ 20 8«9+(893+89)(803+00>]a

(3.96)

as

i\ 2 Ba  oa\’ I}
) oo oa oo I
ko —|—k( 0) —|—( 03+ 0) ] adé’ (3.95)

95



The domain of definition of A is
D(A) = {(xl,xg) c WO2(S' R?) x WH2(S', R?)|D'x1(0) = D'xy(2n),
i=0,1,...,6, D'z3(0) = DVzy(2m), j=0,1}.  (3.97)
We have the following theorem.
Theorem 3.4.3 A generates a one-parameter unitary group.
Proof We show that A is skew-adjoint, i.e. that
(Az,y) = —(z, Ay). (3.98)

From equations (3.93) and (3.96)

1 Oyp 0

2
- _ -1 _ YIdz T —1

Pry  Oxy Py O\ 6
+<ae3 * ae) (893 +W)1 P

1 2 82
= —/ |:—y2L1PCC1 + Y25 (Lilpil:l)
0

2 00?
%y 9" Py ] B
“Trgpe T gpr T P g } P
a 27 82ZE2 83?/1 27 8$2 a4y1 27 85y1 27
+ — Yo L_lpl’l —+ - = —+ X9
76 ( )0 002 0% |, 00 06* |, o0 |,
833/1 2m 821‘2 8y1 2m (%2 82y1 2m 8y1 2 ﬁ
+ 214 — - = To—r— —
005 |, " 062 09|, 06 06 |, 90|, | a
1 2T 1 82 1
= 5 ; —ygL Pl’l + yzw (L Pl‘l)
66?;1 84y1 8291 15
e (896 200t T o )} a (3.99)

where we have first used integration by parts repeatably and then the boundary

conditions on elements of H in the domain of A. Now

2m 6 4 2 2m
/ 75 (a b g0 0 yl) Bap — / ngylgdH
0 0

06° 90t~ 002 ) a

26



2 6
= / £E2LL71Py1—d9
0 a

o -1 >’ B
15

27
= / |:—$2L1Py1 - YV (Llpyl):| gd& - ng (Lilpyl)
0

2w

SRS

0

2m
= _/ {xQLIPyl L om0 (Llpyl)} gde. (3.100)
0

Also

27 B 82 3 ﬁ 2T 82 3 /8
/0 {mL Lpay ~ Y50 (L lpxl)] gde = /0 Yo {H—%} L llegdH

27 ﬁ
= —/ Yo LL™ ' Px1=df
0 a

2 86.7)1 84x1 821’1 6
- _/0 yQ[aeﬁ T2 80215(19

_ /2” _83961 Py B 3xy % B Or, Bys  Oxy % éd@
0 0603 003 063 00 00 063 00 00 | a
. 85371 2w - %84‘%_1 2 . %83‘751 2 @31;1 2w
Yo05 |, ~ o0 o0 |, T 002 ae® |, V¥ o0
Oyp Oy

- 21 8@2% 2m 3x1 27 é
00 002 0 ) a

0

Y2
0 o0
T Pry Ox\ (Pya Oy B
= /0 (aeg + 80) <893 +%> —ds. (3.101)
Using equations (3.100) and (3.101) in equation (3.99) we get
. 1 m 831’1 0x1 83y2 8y2
Mzy) = 5/0 [_(093 * aa) (093 +%)

O 0
00 00

PPxy  Omy 3392 2 B
+(893 * 89) (aes +%>} P

= —(z, Ay). (3.102)

o 002 00 90

+z, L Py + (L‘lel)} §d9
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Thus A is a skew-adjoint operator and by Theorem(3.4.2) it generates a one-

parameter unitary group. n

Fourier basis

At this stage we state our intention to do all of the calculations associated to
the application of the moving systems approach to the vibrating ring problem
in a convenient set of coordinates, namely the coefficients of «, & expressed in a
Fourier basis. We first express the nominal dynamics in these coordinates and in
the following section do the holonomy calculations in the same coordinates (after

truncation of the Fourier series). In these coordinates a has the form

a(f) = [Ag cos(k8) + By sin(k0)] . (3.103)

hE

B
Il

1
The deformation «(#) is not allowed to contain any global rotations and so the
constant coefficient is set to 0. Inserting this expression for « into the equation of

motion (3.87) results in the equation

[e.9]

0=y {oa3(1 +R?) [A'k cos(ko) + By sin(ke)]

—|—§(k6 — 2k* + k?) [Ay, cos(kO) + By sin(kG)]} . (3.104)

Collecting terms in cos(f) and sin(f) and setting them separately to zero gives

the following set of ordinary differential equations for the Fourier coefficients.

. B R (k=12 A
Ak —0a4 12 1 Ak = _nkAk’a (3105)
- B K (k=12 A
Bk = _aa4 12 1 Ak = _nkBk (3106)

which defines the frequencies 7. This result is in agreement with a derivation of

Rayleigh [77] and defines for each k a pair of uncoupled oscillators with common
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frequency 7. The solution to this system is given by

-~

~ A
A(t) = Agcos(mit) + n—ksin(nkt), (3.107)
k
5 By
Bi(t) = By cos(nkt)+n—sm(77kt) (3.108)
k

where Ek, ;lk, B\k, and E ¢ are given by initial conditions. The Hannay-Berry phase
is defined as the holonomy on a trivial bundle involving the cotangent space of
the system. It will prove useful, then, to have the time evolution of the conjugate
momenta for the nominal system. By inserting the Fourier expansion for a into

the nominal Lagrangian, equation (3.82), and applying the Legendre transform we

obtain
oL -
Pa = i = (14 k*)oad’ T Ay, (3.109)
k
L .
pp, = 5_3 = (1 + k*)oad*nBy. (3.110)
k

Thus the solution to the nominal system expressed on the cotangent bundle is

given by
7 Pa .
Aty = A t £ t 11
k()  cos(nxt) + AT )oam sin(nt), (3.111)
ba, <t> = _(1 + kQ)O-asﬂ—nkA\k Sin(nkzt) + ]/D\Ak COS(Ukt)7 (3112)
= DB, .
Bi(t) = B t t A1
k( ) kCOS(Uk )+ (1 n ]{PQ)O'CL‘%’YT??k Sln(nk )7 (3 3)
pe,(t) = —(1+ k)od® T By sin(nt) + P, cos(nit). (3.114)

3.4.2 The Hannay-Berry phase of the ring gyroscope

From equation (3.84), the velocity vector of the motion in S is

 (mi(a(®)) = (0,6(6) + (2,0). (3115)
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From this we see that the vector field corresponding to the imposed motion is

Zoma@) = | 3116
0
For ease of notation define Z 2 Zi(m(a())). The projection of this tangent
vector t0 Try,(yme(Q) with respect to the metric of S is given by Z7 = Z — Z+
where (Z+,X) = 0 VX € Ty, gmu(Q). From equation (3.73), any vector X &
Ty (M (Q) has the form
0

X = (3.117)
Y

where Y € T,Q. Then, from equation (3.116) and the fact that Z7 € T,,, (m:(Q),

we can write 2T = Z — Z1 as
- . (3.118)

for some Yzr, Z+2 € T,(Q) and Z*' € T,S'. From equation (3.118), Z4t = Q.

Applying equation (3.75), the orthogonality condition states

0 = ((227).(0,Y))
_ /027r (1_8_0‘) QY + 242Y) +

00
forall Y € T,Q). In what follows, we express the orthogonality condition of equation

9Z2 9y
296 90

oca*dd  (3.119)

(3.119) in the Fourier basis and thus derive an explicit formula for Z+2 (see (3.130)
and (3.131) below). Using the Fourier series representation for «, a tangent vector

Y € T,Q has the form

Y = [V, cos(kf) + Vg, sin(k0)] . (3.120)
k=1
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With the abbreviations c(¢) = cos(y)) and s(v)) = sin(¢)) the orthogonality

condition is given by

0 — / ” {(1 - ik [Buc(k#) — Aks(ke)]>

+ i i [Z32c(k0) + Z5°s(k0)] [Ya,c(16) + YBls(ZH)]>

k=1 l=1

2

- i i kL (Z52c(k0) — Z42s(k0)) (Yp,c(l0) — YAls(ZO))] oa’df. (3.121)
k=1 I=1

Using the following identities

/ch(ke)c(ze))de = /%s(kﬁ)s(l@)dﬁzwékl, (3.122)
3

2m
/ c(kO)c(10)c(md)c(nf)dd = S, (3.123)
0 4
27 I
s(k0)s(10)s(mh)s(nb)dd = Z(Sklmn’ (3.124)
0
27
/ c(k0)c(10)s(mB)s(nf)df = %cmmn (3.125)
0
where
1 ifk=1 1 ifk=l=m=n
O = , Okimn = (3.126)
0 otherwise 0 otherwise

and the fact that all other combinations of sin and cos appearing in equation
(3.121) integrate to 0 over [0, 27|, the orthogonality condition can be reduced to

3k? k?

= oa WZ szk + A2ij2 + = BiZx — S AB
—20kB, + K*Z,2) Ya,
3k K k>
(Z“ + = ARZE + T BiZs! — S ABLE,
+20kA, + K 25°) Yp,] - (3.127)
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This holds for every Y € T,() and so for every k we have

1o kz 2 ~1o Bkz 2.~1o k2 1o
—2QkBy, + K 2, (3.128)
3k? k? k?
0 = Zp2+ A2+ BiZs - S ABEL]
+20kAx + K252 (3.129)

Solving these coupled equations for Zjlf and Z§§ yields

Dy (A, By)

2h(1+ k% + 342 + BBy, — K3AZB
Zk = ( A+ 7 By) By RR (3.130)
g Dy (A, Br)
2 _ _q 2k(1+k? + = A7 + 3= BY A, — K AB} (3.131)
B Dy (Ag, By)
where
k? 3k? 3k? k2 k*
Dy(Ay, By) = (1+k2+ZA2+TB,3)(1+1<:2+TA§+ZB,3) — ZAiB,% (3.132)
and so, representing the tangent vector by its coefficients at each k,
Q
Sk(1+k24+ 32 a2 4 2 p2yp s azp, |
{_Q |:2k(1+k2+%Ai—‘r#BZ)Ak—lﬁAkBi:| }OO
k=1

Inserting equation (3.133) into equation (3.118) gives the projection of the

tangent vector of the imposed motion onto 7T}, ;m:(Q) to be
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ok(11k2 435 42 B pyp g3 a2p | |7
zZT = {—Q [ B . : (3.134)
=1

Sk(1+k2 422 A2 432 g2y, a2 | |
0O 4 kT4 Pr/lk k2K
Dy, (Ax,Br)

k=1

The pull-back of Z% to T,Q by [T'm]™! is given by

[e.e]
O 2h(1+k2+ 222 A2 K2 B2) By kA2 B,
o Dy (Ak,Bx)
k=1

Z(q) = [Tm] 2" = (3.135)

2 2 oo
{Q [2k(1+k2+’“4A§+3’;Bg)Ak—kSAk.Bg] }
k=1

Dy (Ag,By)

where Z(q) is defined for ease of notation. Recalling that the deformations are
assumed to be small, the above expression is expanded in a Taylor series about

A = By =0V k and only the first order terms kept. This yields

{ —2Qk Bk }OO

1+k2 k=1

Z(q) = . (3.136)
{fHe At

Let g, = (A, By) so that the coordinates on @ are ¢ = {gx}7>;. The conjugate

momenta can then be written py = (pa,,ps,). Define

A 2kQ 0 -1 Ay, 2k

Zi(qr) = = ——S(Da (3.137)
14 k2 1 0 B, 14 k2

which also defines the skew symmetric matrix S(1). With this definition the pro-
jected vector can be expressed as Z(q) = {Zk(qx)}72,. To avoid technical difficul-

ties we assume that only N Fourier modes are active where NV is some positive,
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finite number. Using this assumption, the function P(Z(q)) defining the horizontal

lift relative to the induced Cartan connection (as in equation (3.7)) is given by

N

P(Z)(a,p) =p-Z(q) =) | {m

P S (3.138)

Define Q; = {(Ay, Br) € R?} so that Q = UY_, Q. The configuration space is
then the Cartesian product of N copies of IR? and each coordinate g5 and conjugate
momenta p; can be identified with a vector in IR?>. Extend these vectors to R®
by letting the third coordinate of each be zero. Let T3, be a unit vector at the
origin of the k** copy of IR? along this third direction. With these identifications,

in equation (3.138) we replace py - S(1)gx by (g X pk) - T3,. Define

A .
I, = (qr X pi) - T3, (3.139)
so that
N2k
PZ)a:p) = 3 7 (3.140)
k=1

Let F be the subset of C*° functions on 7™*() defined by

N
F = {f(q,P)|f(q7p) = ZW@fk(AkaBkapAkvak),ak € R, f smooth} . (3.141)

k=1

Since the time solution to each Fourier mode for the nominal system is periodic,

we can define an average on F with respect to the flow by

N
< f>= Zak < fx >k (3.142)
k=1
where
2r
< fp >p= ;7—’“ " (@8 frdt (3.143)
™ Jo

where ®F is the flow corresponding to the k' Fourier mode of the nominal system.
From equations (3.139) and (3.140) it is clear that P(Z) € F. We have the

following useful lemma.
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Lemma 3.4.4 [, is constant along the trajectories of the nominal system.

Proof
dh s
d

= d_t(kaAk — pa, Br)

= pp Ak +kaAk —pa, By — pAkBk

where in the second to last step we have used the definition of the conjugate

momenta for the nominal system in equations (3.109,3.110). From equations

(3.105,3.106), along the trajectories of the nominal system we have

The average of P(Z) over the nominal dynamics is then

N N

2k 2k
k=1 k=1

(3.144)

(3.145)

Noticing that this function depends only the coordinates (gx,py) through Iy,

we move to the coordinates for the averaged dynamics in phase space defined by

(ks Iiy Prs Ppy,) Where pp =< (A2 + B}) >3. Here ¢y, is conjugate to I and p,, is

conjugate to py.

With these coordinates the horizontal lift of € relative to the Cartan-Hannay-

Berry connection (as in equation (3.10)) is given by
2k o \"
-X Q)= ——=0— Q.
( <P(2)> ) ({ 1+ k2 8¢k}k1 )
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The geometric phase is neatly split into a phase change in each ¢, indepen-

. . . . 271- . .
dently. If the loop in M is parametrized by ¢ € [0,T] where T' = % is the time to

complete one full revolution of the ring, then

T ok 2% 2%k
Ad, = — " Qdt = — OT = -2 . 14
O A 1+ k2 1+ k2 WL+k4 (3.147)

After one full rotation of the ring each vector ¢, has been rotated by the angle

A¢y. In practice one expects to use only one mode under a resonant drive (as in

(75, 76]).

Remark 3.4.5 Note that we perform an average with respect to the flow of the
nominal dynamics on a special class of functions as in equation (3.141). This
agrees with a group (here S*) average as in Section 3.2 (definition 3.2.4) when we

restrict the nominal dynamics to a single mode.

3.4.3 A comparison with the results of Bryan

In [20] Bryan uses classical variational techniques to derive the equations of motion
for a thin ring of radius a undergoing a steady rotation about its central axis with
angular velocity ). His analysis uses two polar coordinate systems, the first fixed
in space and the second rotating with angular velocity 2. If in the undeformed

state the coordinate systems are given by (a, ¢) and (a, f) we have
b =0+t (3.148)

and 6 is constant for any particle of the ring. Let the tangential and radial dis-
placements of a particle of the ring be given by v and w respectively so that the
new polar coordinates are (a+w, ¢ +wv/a) and (a+w, 8+ v/a) in the two systems.

The deformations v, w are assumed to be small. The assumption of inextensibility
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yields
v
00

w = (3.149)

as before. As discussed in the previous section, Bryan includes work done against
the tension, 7, to stretch the ring and against an attractive force, u. To match
his derivation with the model we have chosen, we set these terms to zero. Taking
variations on the total energy and setting them to zero, we find the following

equation of motion

. 0% oy L0 B 9 [ O ?
0 = ”‘@‘“ﬁ*“@‘@ﬁ(ﬁﬂ) v (3150)

Bryan then assumes that the deformations are of the form

v = cos(kO + pt). (3.151)

Inserting this into the equation of motion yields the following two solutions.

v = Acos (k@ + e Qt + @kt> , (3.152)
2k _
v = Acos | kO + mQt — gt (3.153)
where
2 B k*(k* —1)? B Q2K (K% - 3)
P ogat 14+ k2 (1+ k2)?
D2k (k* - 3)
_ 9 ) 154

Notice that by retaining the terms in Q? there is a slight decrease in the fre-
quency of vibration from 7. This can be understood as a “softening” of the
material and corresponds to the spurious softening that occurs in the theory of
rotating rods if the models are linearized prematurely, that is before the effects of

external rotation are considered. The geometrically exact theory handles this issue
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properly and we believe that extending the model of the ring using this theory will
prove useful. (We note also that if the attractive force u introduced by Bryan
is kept in the equations of motion and set equal to ©? then the resulting system
shows an increase in the frequency of vibration due to the imposed rotation. See
[39] for comments on similar ad hoc methods in the theory of rotating beams.)
Assuming the amplitude A in the two solutions is the same the final solution

in the fixed frame is given by

k2 —1

v = 2Acos(wyt)cos (k [(b — mQt]) : (3.155)

Bryan then recognizes that this corresponds to an oscillation with 2k nodes

where the position of the nodes precess in retrograde around the ring with angular

velocity
k-1
—0Q 3.156
k2 +1 (3.156)
If we write this in the rotating system we have
k2 —1 2
—1)Q=—-——"0Q 3.157
(k2 +1 ) K2+ 1 (8:157)

and after one rotation the nodes have precessed in the moving frame by

—on (ﬁ) | (3.158)

To compare this to our results in Section 3.4.2 we must first restrict our solution

to a single mode so that
a(0,t) = Ak(t) cos(kf) + By(t) sin(k6). (3.159)

When (A, By) is viewed as a vector in IR?, the effect of the geometric phase is

seen to be a rotation of this vector about the origin where the counter-clockwise
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direction is defined to be positive. Using equation (3.147), the rotated vector at

the end of one revolution of the ring is given by

Ai(T) cos (—2m25)  —sin (—27723) Ar(0)
By (T) sin (—27?1_2:22) Ccos (—QWIiIZQ) By(0)

Ap(0) cos (—2m7255) — By,(0) sin (—27253)

_ Lk R (3.160)
Ap(0) sin (=21 255) + By (0) cos (—2m2)

Inserting this into equation (3.159) and simplifying we get

a0, T) = Ax(0)cos (k [6 + ZWﬁD

+By(0) sin (k; [e + 27 fw} ) (3.161)

which is course the same solution with the nodes rotated by —27 [HQT}, agreeing

with Bryan.

3.4.4 Nonlinear corrections

We now turn to an investigation of corrections to the geometric phase based on the
nonlinear terms in the vector field Z(q) given in equation (3.135). It is worth noting
that these arise due to the configuration-dependent quadratic form defining the
kinetic energy. We proceed by keeping higher-order terms in the Taylor expansion
of Z(q). The second-order terms in this expansion can be shown to be zero. To

third order the vector field is

q [2:Be _ BQHRAIBL _ 9KB] N
{_ [1+k2 T (1+k2)2] }k:1
Z(q) = : (3.162)

{Q [gkAk K2(24k)Ag B2 OK3AD ”N

k2 (k2 (R f,
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Define the matrix U(qx) by

Ulgr) = : (3.163)

With this, equation (3.162) can be written as

20 = {250 2 s
SOV (3160

and the function defining the Hannay-Berry phase is given by

P@Nar) = X | Shn - S e Ua)S(ha

e SOV

N
2kS2 K22+ k)Q
E k= 55 Pk - Uqr)S(1)qr
— {1+k:2 (1+£k2)2

9k30

—mpk ' S(l)U(Qk)Qk} (3.165)

where in the second step the definition of I} from equation (3.139) has been used.
To determine the Hannay-Berry phase we need to find the average of equation
(3.165) over the nominal dynamics. In Section 3.4.2 we have shown that the
first term in square brackets in the sum in equation (3.165) is a constant along
trajectories of the nominal system. The second and third terms, however, are not
constant and their averages need to be explicitly calculated. For the second term

the average is given by

27

ﬂmU@ﬁm%m=:%A%Pmﬂmew)

2w
+pp, () Ar(t)BR(t)] dt. (3.166)
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Using the solution to the nominal system given in equations (3.111-3.114) and
making a change of variables in the integration, this becomes

2

< pr - U(qr)S(1)qr >x [(1+ k) oa’Tne Ay sin(t) — pa, cos(t)]

27 Jo
pa, sin(t) 2 pB, sin(t)
<A t . B t .
[ kcos(t) + (1+ k2)0a37r77k} kcos(t) + (14 k%) oadmny
+ [~ (1 + k*)oa’mny, By sin(t) + pp, cos(t)]

. o pa, sin(t) cos DB, sin(t) 2
{Ak (t) + (1+k32)0a37r77k] [Bk (t) + (1+k2)0a37mJ }dt (3.167)

where, through a standard abuse of notation in averaging, the hats have been
dropped on the initial conditions. The integration identities in equations (3.122 —

3.125) can be used to write the above expression as

1
<pr-Ulae)S(Wae >r = g [(A}ps, — Bipa, — A;Bipa, + AxBips,)

Awp%, P8, — Brpaph, — Brpl, + Arp, (3.168)
(1 + k2)oa’mny,)? )

Now

Alpp, — Bipa, — A Bipa, + AxBips, = (Awps, — Brpa,)(Ai + B})

= (A7 + B)) (3.169)
and
Akp2p —B 2—83+A3 :(A —B )(2+2>
AL DBy, kPALPB, kP A, kP, kP B, kPAL)\Pa, T PB,
= Ii(ph, +5,) (3.170)

and so equation (3.168) takes the form

(3.171)

I Py + p?
<pr-Ulg)S(1)qr >r= gk (Ai + B; + e D

(1 + k?)oamny)?
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Following the same procedure, the average of the third term is

<pr - SMU(qe)gr > = —/ ka pAk( )B,%(t))dt

= L > [(AuBups, — A2Bupa, + Alps, - Bipa,)

_I_Akka — Byply, + Awp%,pB, — Bipa, P,
(1 + k%) oadmny)?

31y Ph, + B
= A; + B; Ty : 3.172
s ( T U Pjod (3.172)

Using equations (3.171,3.172), the average of P(Z) is given by
<Pz Qr
P) > Z g {1 + k2
P4, +p3

K+ 148 [ AL+ B+ ey 3.173
21+ k2)? 2 - (3.173)

From equations (3.111,3.113) we see that the term in parentheses is the average
of (A% + B?) over the nominal dynamics. We move to the averaged coordinates
(¢k, Ik, P, Dp, ) as in the comments following equation (3.145). In these coordinates,

the average of P(Z) has the form

k? + 14k3
QI — 20, 3.174

The lift to third-order of 2 with respect to the Cartan-Hannay-Berry connection

is given by
2% k2 + 14k3 9
-X Q) = — a 2
(=X<p(2)>, ) ({ {1+k2 2(1+k2)2pk} o
k2 + 14k3] ) }N
(1+ k2)2 Ppy,

—QLips { Q) . (3.175)

k=1
From equation (3.175) we see that both I and py are constant. Thus
g 2k k*+ 14k
App, = — Q — dt
P /0 L 12 201+ k22’ ’f]
9 { 2k k* + 14K3 2}

1+ k2 201+ k22 k] (3.176)
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Notice that the third-order terms act to reduce the rate of nodal rotation and thus
the sensitivity of a vibrating ring gyroscope cannot be increased by increasing the
amplitude of vibration and using the nonlinear effects.

In contrast to the earlier calculation where we kept in Z only the terms linear
in configuration variables, in the present nonlinear setting the imposed rotation
causes not only a precession of the nodes of vibration but also a drift in the
momentum conjugate to pi. In practical devices the ring is driven into a single
mode of oscillation and the imposed rotation sensed by measuring the drift rate of
the nodal points of the vibration. Thus the effect of the second term in equation
(3.175) will be compensated for by the drive electronics.

It is interesting to ask how large the nonlinear effect on the drift rate of the
nodal points of the vibrations is in a typical device. The micromachined ring
gyroscope of Putty and Najafi [76] utilizes a ring of radius a = 500um placed into
elliptical vibration so that £ = 2 with a radial deformation amplitude of 0.15um.

From equations (3.72,3.103), the radial deformation for this ring is
w(f) = 2a[Aysin(20) — By cos(26)] . (3.177)

Let ¢ = 0 to be the time at which the maximum radial deformation is attained
and @ = 0 to be the location on the ring of the maximum radial deformation at time

t = 0. From these definitions we have the initial conditions 22 = pa, =P, =0

and By = —2(();)%7;;). Inserting these values into equation (3.176) yields

4
Apy = =27 {g —2.61 x 108] : (3.178)

For the normal operation of this device, then, the nonlinear effects are seven orders

of magnitude smaller than the first-order terms.
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3.4.5 Comments on the ring gyroscope example

In this section we have explored the rotating, vibrating gyroscope. After first
understanding the nominal dynamics we showed that the precession of the nodal
points of the vibration due to the imposed rotation can be understood as a Hannay-
Berry phase. By linearizing the system we were able to recover the results of Bryan.
Using the inherently nonlinear nature of the moving systems approach we then went
on to calculate the effect of the imposed rotation on the nodal precession to third
order. These calculations show that the nonlinear effects reduce the sensitivity of
the device and we therefore conclude that the best performance for these devices
is achieved when operating them in the linear regime.

The correction terms we explore in this section are those arising due to the
nonlinear character of the vibrations. The analysis still assumes, however, that
the imposed motion is adiabatic. We now turn to developing a method to account

for the finite but slow rate of rotation.
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Chapter 4

Non-adiabatic corrections to the

Hannay-Berry phase

4.1 Introduction

In defining the Hannay-Berry phase it is assumed that the imposed motion is
adiabatic. In practice, of course, while this motion may be very slow with respect
to the nominal dynamics, it is not infinitely slow. In this chapter we seek to account
for the effects of the non-adiabatic nature of the motion.

Since Berry’s original work on the geometric phase in a quantum system un-
dergoing an adiabatic variation of its parameters [9], various techniques have been
proposed to account for the finite rate of change of the parameters in the Hamil-
tonian. Berry developed an iterative scheme in which the geometric phase at each
step is incorporated into the nominal dynamics [11]. Other authors showed that
the Berry phase can be viewed as the first-order term in a perturbation expansion
of the system and found corrections by carrying the perturbation to higher orders

([84, 28]). More recent work has provided example quantum systems in which
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the theory has been applied, such as nuclear quadrupole resonance [85], hysteresis
loops in manganese acetate crystals [31], and magnetic resonance [33].

A few authors have considered the effect of the finite rate of change of the
parameters on the Hannay angles, that is on the geometric phase for classical
integrable systems. Bhattacharjee and Sen used a perturbative method [12] that
is then compared in [34] by Gjaja and Bhattacharjee to the classical analog of the
iterative scheme proposed by Berry.

While the Cartan-Hannay-Berry connection does not come from an adiabatic
criterion, there is an underlying assumption of adiabaticity as described earlier.
One is immediately led to ask, then, if there is a way to incorporate higher-order
corrections which include at least some part of the effect of the neglected terms
(see equation (3.15) and comments thereafter). While one can apply classical
perturbation techniques to the corresponding vector fields, these methods ignore
the underlying geometric structure.

Recall that in defining the Hannay-Berry phase it is assumed there is a Lie group
acting on the system with respect to which we can average. Under appropriate
assumptions, the nominal dynamics naturally provide such a group action. In that
case, as we will show later, the term in the averaged Hamiltonian giving rise to
the Hannay-Berry phase Poisson commutes with the nominal Hamiltonian, using
the canonical Poisson bracket on the phase space. This leads us to Hamiltonian
perturbation theory and Hamiltonian normal forms.

The terms we seek to include are generally described as the centrifugal forces.
When not considering the imposed motion as a small perturbation from the nomi-
nal system, these terms are often incorporated into an amended potential (see, e.g.

[59], Section 8.6). In this setting we have assumed the imposed motion is slow and
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we wish to develop a technique which takes advantage of this when describing the
system dynamics.

We begin in the next section with a brief introduction to Hamiltonian normal
form theory and then show that the Hannay-Berry phase can be viewed as a
first-order correction to the flow of the nominal system using the Hamiltonian
normal forms approach. This allows us to define higher-order approximations
which, under appropriate assumptions, take the form of additional corrections.

We then illustrate the theory by applying it to the vibrating ring gyroscope.

4.2 Hamiltonian normal form theory

The theory of Hamiltonian normal forms is a generalization of Lie perturbation
techniques (see, e.g. [24, 52]) which in turn is built upon the perturbation methods
developed by Poincaré and von Ziepel (see [5] for historical comments). In this
section we provide a brief description of the theory and refer the reader to [26, 27|
for more details and further references.

We first need the notion of a Poisson bracket and a Poisson manifold.

Definition 4.2.1 A Poisson manifold is a smooth manifold M together with a
R-bilinear map on C*°(M)

{-}: (M) x C(M) — C*(M)
which for all f,g,h € C®(M) satisfies:

i) Skew symmetry: {f,9} = —{g,f},
i) Leibniz identity: {f,gh} ={f,gth+ g{f, h},
iii)  Jacobi identity:  {f,{g,h}} +{9,{h, f}} +{h,{f,9}} =0.
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Consider a Poisson manifold (M, {-,-}). Let F(M) be the vector space of formal
power series in € with coefficients in C*°(M). That is
]—"(M):{feEC’OO(M)|f6:Zeifi,fiGC’OO(]\/[)}. (4.1)
i=0

Let adsg = {g, f} and define ad(}g = g. We then recursively define adzj} by

adyg = {ad; g, f}. (4.2)
We make the following definitions.

Definition 4.2.2 The Lie series of f is the formal power series

o0

e
¢! = exp(eady) = Z ﬁad}. (4.3)

=0

¢! is the formal flow of the Hamiltonian vector field X; with € as the time param-

eter.

Definition 4.2.3 For f € F(M) we say that X; has periodic flow if there exists

a positive, smooth function T on M such that for allm € M and for all g € F(M)
we have that <<¢§> (g)) (m) = g(m). |

Definition 4.2.4 Consider H € F(M) and suppose Xy, has periodic flow. We
say that H is in normal form with respect to Hq if {Hy, H;} =0 Vi > 0 and
that H is in normal form up to order n with respect to Hy if {Hy, H;} =0,

1< <n. [}

To bring a Hamiltonian into normal form we will use a formal change of coor-
dinates of the form ¢/ for some appropriate f € F(m). The following lemma from

[27] shows how the Hamiltonian is modified under such a change of coordinates.

78



Lemma 4.2.5 [27] Let H, f € F(M). If ¢! is the flow of X; then

(6])" H = exp(ead;) H. (4.4)

Using equation (4.3) in equation (4.4) we have

(qbf)* H = exp(eads)H

oo ; o

- Z;adl Z Hj)

=0 7=0

1
= Hy+e(H, +adsHp) + €?(Hy + ad; Hy + iad?cHo) +O(%).  (4.5)

To bring H into first-order normal form, we seek a function f € F(M) such
that

{Ho, H1 + adeo} = 0. (46)
To find this function we use the following lemma from [26].

Lemma 4.2.6 [26] If Xy, has periodic flow on M then
C*°(M) = ker (adp,) @ im (adg,) . (4.7)

Proof We provide a sketch of the proof. Consider a function g € C*°(M). Let

< g > be its average over the orbits of Hy, i.e.

<g>:%/0(t)gdt (4.8)

One first shows that < g > is in the kernel of ady,, that is < g > Poisson commutes
with Hy (see the proof of Lemma 4.3.1 for the details of this step) and then that
g = g— < g > is in the image of ady,. For details see [26]. [ ]

To put the Hamiltonian into normal form to first-order we proceed as follows.
First write

Hl =<< H1 > +(Hl_ < H1 >> (49)
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and then substitute equation (4.9) into equation (4.6). Thus

0 = {Ho, < H{ > —I—(Hl— < H, >) +ade0}
= {Ho, < H; >} + {H07 (Hl— < H; >) + adeo}

= {H(), (Hl— < H1 >> + adeo} (410)

where the last step follows from the fact that < H; >€ ker(ady,). We then seek

a solution to the homological equation
adeo = —<H1— < H; >) (411)
where f is the unknown function.

Proposition 4.2.7 [26] The solution to equation (4.11) is given by

1

f= f/OTt( 0V (Hy— < Hy >) dt. (4.12)

Proof Let g = —ad;H, = adpy,f. This is equivalent to the dynamical system
d * *
= (0) f=(¢") g

(see, e.g. Proposition 10.2.3 of [59]). We show that ¢ = Hy— < H; > by direct

substitution. Thus

i( HO)*f = i (l /TT (¢H0)* (Hi— < Hy >)d7’>
de a\7 ), "\
1d [T o\
T Tdt T (¢1,) (Hi— < Hy >)dr
0
1d [T )
t

t+T

= () (m - < H ) -
F /

t

(o) (H,— < H, >)da)
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T
= (<Z5£fT)* (Hi— < Hy >)— < Hy >+ < H >

x 1 t+T »
= (o) (Hi— < Hy >) — —/ (¢H°)" Hydo+ < H; >
t

= (o) (H\— < Hy >).

Therefore g = (H;— < H; >). From this the Proposition follows. n

With this choice of f, the Hamiltonian in equation (4.4) becomes
1
exp(ead;)H = Hy + ¢ < Hy > +¢ (H2 +adsHy + iad?Ho) +O(%).  (4.13)

Notice that if we wish to bring the Hamiltonian into normal form only up to
first-order then there is no need to explicitly calculate the generating function f.

To bring the function into normal form up to second-order we repeat the pro-
cess, now on the once transformed Hamiltonian. This time we seek a generating
function of the form eg. Applying the corresponding change of coordinates results
in

oo

e
exp(eade,) (exp(ead;)H) = Zﬁadig (exp(eads)H)

1=0

1
= Hy+e< H > +€2 <H2 + ade1 -+ §adch0 + adgHo) -+ 0(63). (414)
The homological equation which needs to be solved is

1
ad,Hy = —-((H§+adﬂﬂ—%§mﬁﬁh>
1
— << Hy >+ < ade1 >+ < §adch0 >)> . (415)

From Proposition 4.2.7, the solution to this equation is

I x
g - ?/ L) [(Ha— < Hy >) + (adgHy— < adyHy >)
0

1
+§(ad§H0— < adiH, >)| dt. (4.16)
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With this choice our transformed Hamiltonian becomes

exp(eade,) (exp(eads)H) = Ho+e< Hy >

1
+é? (< Hy >+ < adfH, > +g < ad}H, >) + O(€*). (4.17)

By repeating this process the Hamiltonian can be placed into normal form up to
arbitrary order n.

In practice one places the Hamiltonian into normal form up to some desired
order n and then drops the higher-order terms. The truncated Hamiltonian gives an
approximation to the original system. Since the coefficients of €’ in the Hamiltonian
all commute with Hy for ¢ = 1,2, ...,n, the flow of the corresponding Hamiltonian
vector field of the higher-order terms also commutes with the flow of the nominal

system. Thus for a Hamiltonian in first-order normal form we have
oot (m) = ¢~ 0 9 (m),  meM (4.18)

and the first-order terms give rise naturally to a first-order correcting symplectic
map given by the flow of the Hamiltonian system € < H; >. For systems in higher-
order normal form, however, while the functions at each order do Poisson commute
with Hy they do not in general commute with each other and thus a system in

n"-order normal form defines a single n*"-order correcting symplectic map.

4.3 Normal forms and the Hannay-Berry phase

In the setting of the moving systems approach the Poisson manifold is T*() together

with the canonical Poisson bracket defined by

~9fdg Of 9y oo
{f.9} —Z 5o o 119 ECTMD. (4.19)
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To apply Hamiltonian normal form theory to the moving systems approach we
make a few additional assumptions on the Hamiltonian in equation (3.14). We
first assume the potential U on S is constant and drop it from the Hamiltonian.

Next we assume that Z;(m(q)) can be written in the form

Zi(mi(q)) = €Z,(mu(q)) (4.20)

for some parameter €. For example, if M is a Riemannian manifold and Z; is a
constant magnitude vector field then we may take € = || 2;|| and Z, = Ié—zll If || Z||
is not constant then one could take € to be the average magnitude of || Z;|| over
the loop in M starting at the given initial condition. Note, however, that the form

of Z; in equation (4.20) is often natural to the problem and in general Z, is not

a unit vector. Under these assumptions the Hamiltonian, equation (3.14), can be

written as
H(q,p) = Ho(q,p) + eH1(g,p) + € Ha(q, p) (4.21)
where
Hola.p) = Slbl*+V(a) (1.22)
Hi(q.p) = —P(Zy), (4.23)
Hofa.p) =~ (121

Finally we assume that H, has periodic flow with period 7. We then have a
natural action of S* on T*Q given by ¢, the flow of Xp,- Let < - > denote the
average with respect to this group action, i.e. for a smooth function f on T*(Q) we

have

I .
< f>= f/o (¢77°)" fdt. (4.25)

In general, the parameter € captures the rate of the imposed motion on the

system. In the adiabatic limit, then, € goes to zero and the terms in € are negligible.
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In what follows we are interested in relaxing the adiabatic condition; i.e. we assume
that while € is small, the terms in €2 are not negligible. We begin with the following

lemma.

Lemma 4.3.1 The truncated averaged Hamiltonian defined by
< H>W (q,p) = Ho(g,p) + ¢ < Hi > (¢,p) (4.26)

1s in first-order normal form.

Proof We show that < H; >¢€ ker(adpy,). Let ¢ = {< Hy >, Hy}. This is
equivalent to the dynamical system

d

y (/)" < Hy >= (¢°)" g. (4.27)
From this we have
g(¢i°(a.p)) = i—/ (67 (g, p)))dr
b dtT
1d
= Td_/ °(¢,p))do
_ H. (o
= T [Hy(¢12r(a,p)) — Hi(¢1"(q,p))]
=0 (4.28)
where the last step follows from the periodic flow property of Hj. n

Following the comments of Section 4.2, the flow of the system to first-order is
given by
o1~ P (g,p) = 67T 0 91 (g,p) (4.29)

t

and the flow of — < P(Z) > defines the correcting symplectic map to first-
order. Thus, in the setting where the group action on 7*() is given by the flow of
the nominal dynamics, we interpret the Hannay-Berry phase as arising from this

correcting map.
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To find a more accurate expression, then, we express the Hamiltonian in nor-
mal form to a higher-order before truncating. Let G be the generator of a change
of coordinates bringing the original Hamiltonian into first-order normal form (ob-
tained by solving the homological equation). From Proposition 4.2.7 and the form

of Hy in equation (4.23), G is given by

I " I, -

G = f/ t (¢7) [< P(Z) > —P(Zt)] dt. (4.30)
0

From equation (4.17) and the form of Hs in equation (4.24), the second-order

truncated normal form is
~ 1 ~
<H>® (0p) = Hulop) -~ <P(2)> - (3 <13 >
~ 1
+ < adgp<Zt) > —5 < adéHg >> . (431)

Notice that the terms at second-order in the Hamiltonian account not only for
the average effect of the centrifugal force but also include additional terms involving

the first-order change of coordinates. The flow of the system to second-order is

Ho—e<P(Zt)>—e2(3<||Z{||*>+<adgP(Z:)>— § <adg Ho>)

by (¢,p)

—e<P(Zt)>—e2(3<||Z{||*>+<ad¢P(Z:)>— 5 <adg Ho>)

= ¢ 0 ¢;°(q,p) (4.32)

and thus in general this defines a correcting symplectic map to second-order. If
in addition the terms in € Poisson commute with the terms in €2 then the second-
order terms define a second-order correcting symplectic map. In this case the
three Hamiltonian systems can be solved independently and their flows composed

to obtain the second-order solution. This is captured in the following lemma.

Lemma 4.3.2 If

{<P(Z) >, 5 < I1ZH|1° > + < adgP(Z;) > -5 < adZHy >} =0 (4.33)
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then
Ho—e<P(Z)>—(L<|| 22>+ <adaP(Z) >~ L <adZ Ho>)

o} (a,p)

~2(L<| 2 P>+ <adgP(Ze)>— L <ad% Ho> )

— 4 o ¢ “FU= 6 gl (¢, p). (4.34)

Proof Immediate by the assumption of the Poisson commutativity of the func-

tions. ]

4.3.1 Time-dependence of non-adiabatic corrections

In Section 3.2.2 we showed the Hannay-Berry phase is a geometric phenomenon
by showing the corresponding ordinary differential equation is independent of the

2 in the moving systems

time parametrization. We now show that the terms in €
Hamiltonian do not result in a geometric effect. Consider equation (4.31). For
simplicity assume the generating function for the change of coordinates is G = 0
and that {< H; >,< Hy >} = 0 so that we can calculate the effect on the

system from these two terms separately. Denote points in T*() by z. Noticing that

Xzt 2> is a quadratic form in the vector field Z on the base space, we define
Y(Zy,2) = =X zpp> (4.35)
where Y (a2, 2) = a®*Y (24, z). The corresponding ordinary differential equation is
=Y (2, 2).

We now change the time parametrization (as in Section 3.2.2) by taking ¢ +—

7(t) with Z—; strictly positive. Under this parametrization, the vector field Z; is

scaled by 9= and thus

dt
2
dz dzdr v dr _ (ccli_;) Y(Z..2)

i aa - gE)
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From this we have

dz dr
—=—Y(Z
o= (En2)

which shows the dependence on the time parametrization.

4.4 Non-adiabatic corrections of the ring gyro-
scope

To illustrate the technique introduced above we now apply it to the vibrating ring
gyroscope. To simplify notation we will restrict ourselves to solutions with a single
active Fourier mode and work only with the linearized version of the imposed
motion vector field. Our goal is to derive a solution to this system to second-order
in this simplified, linear setting which can be compared to the solution derived in

Section 3.4.3.

4.4.1 Flow map of the nominal dynamics

Consider the nominal dynamics of the vibrating ring as given by equations (3.111

- 3.114). Define
1

= ) 4.36
ﬁk‘ (1 +k2)0_a3ﬂ_nk ( )
The flow map of the nominal system can then be expressed as
(q,p) =
cos(nxt) By sin(ngt) 0 0 Ay,
— L sin(nt cos(nit 0 0 P

Br (nk ) (nk ) Ak (4‘37)

0 0 cos(net) B sin(ngt) B,

0 0 —5—116 sin(ngt)  cos(nxt) DB,
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4.4.2 Flow map of the first-order correction

From equation (3.137), the linearized tangent vector Z(g) on T,() due to the im-

posed rotation is
2kQ

TS Wa (4.38)

Zi(aqr) =
We recognize in €2 the parameter referred to as € above. Define

20) = oS (as (4.39)

so that the function P(Z) is (see equation (3.138))

= 2k 2k
PZ)a.p) = sl = 1o

(Akpp, — Bkpa,) (4.40)

where we have used the definition of [ from equation (3.139). From equations

(4.23) and (4.40) we have
2k

S P

Iy. (4.41)

Since [, is constant along the trajectories of the nominal system, we have < H; >
(¢,p) = Hi(q,p). Inserting this into equation (4.30), we see that the generating
function for the change of coordinates is G = 0. (Note that if we considered
nonlinear terms in Hy, as in Section 3.4.4, then H; would not be constant along
trajectories and we would have a nontrivial change of coordinates.)

This Hamiltonian system has the simple solution as given in equation (3.147).

The corresponding flow map in the coordinates (A, pa,, Bk, p5,) is given by

—Q<P(Z
¢y T (g, p) =

cos () 0 —sin(FhF) 0 Ay

R e | N B,
(B 0 () 0 Bk

0 sin (T52) 0 cos (F35%) PBy,
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4.4.3 Second-order correction

Since the change of coordinates function taking the ring system to first-order nor-
mal form is zero, the Hamiltonian in second-order normal form for the ring is given

by

2

_ 0 .
<H > (q,p) = Holq.p) =2 < P(Z) > (q.p) = 5 < | 27" > (4.43)

where Hy, defining the nominal dynamics, has a flow map given by equation (4.37).
Linearizing the orthogonal complement of the tangent vector arising from the im-
posed motion, Z*+ (equation (3.133)), with respect to the coordinates (A, By) and

restricting to the k& mode we have

0
zZt = 20k = ¢ 4.44
[1+k2Bk] Z1s ' (4.44)

[T Ar]

Using the inner product in equation (3.75), we have

125" = ((2,27),(2,27))
Lg\ 2
:/ (1_—) (92+2QZL2 (zi2)2>+(a§9) oa’df
o’ O
_ 2 2 | 7 1o T =l
= / ( — 202 9 +Q {a&] +202 405 2
da? 0
H{aﬂ ZL2+[Z¢2}2—283 ExlE
da]? [0zt
+[242]? {a—ﬂ +{ 5 } >0a3d9. (4.45)

We now express « in the Fourier basis, as in equation (3.103), and utilize
the relations in equations (3.122) - (3.125) concerning the integrals of the various

powers of sin and cos over a full period, to reduce the above expression to

kS — 2k* — 3k2
1242 = Qaaﬂ{2+( L )(Ai+B,§)
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3k4 4 2 2 2 4
gy ) (- g8+ B | (4.46)

Recalling that we are in the small-amplitude vibration regime we drop terms

higher than second-order in Ay, By to get

kS — 2k4 — 32
1Z4H1? = Qod’r {2+( 115 )(A2+B,3)}

= Q%0d’m [2+ Ty(4; + By)] (4.47)

where we have defined the constant

K6 — 2k* — 3k?

Iy = T (4.48)

From equations (4.47) and (4.24) we have (dropping the constant term)

oa’mly,

5 (A7 + B}). (4.49)

Hy(q,p) = —

Averaging over the nominal dynamics of equations (3.111) and (3.113) we have

27

<Al> = ;7_; " (off0)" AZdt
0
27 2
Nk M pa .
L A t k t)| dt
o . |: kCOS(nk )+ (1 n ]‘CQ)O'CLSTT]k Sln(nk ):|
1 A
_ = A2 k 4.
2{ et [(1+k‘2)0a37rnk]2} (4.50)
and
<Bl> = X 5_:( HO)*B?dzf—1 B} + P (4.51)
k - 27T 0 t k - 2 k [(1 + k2)0-a/3ﬂ-7]k]2 : '

Using equations (4.50) and (4.51) in (4.49) we have

oa’mly,

4

< Hy > (¢,p) = — (4.52)

2 2
{A2+B,ﬁ+ Pa, * P, }

(1 + k2)oadmn]?

We now have the following lemma.
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Lemma 4.4.1 {< H; >, < Hy >} =0.

Proof

oa’n ik DA,PB, — PAPB
<H{><Hy> = ——— |A.B, — A.B hk ke Tk
{ 1> 2 >} 11 k2 k Dk kD + (1 + k)oadm)?

= 0. (4.53)

]
Thus, according to Lemma 4.3.2, the flow of the Hamiltonian vector field as-
sociated to Q? < H, > defines a second-order correcting symplectic map for the

system. Define

- O2oa’nly O2oa’nly, 02T, 2
T = e el e I (4.54)
2 2[(1 + k2)oad3mng] 2(1 + k)

Using this and the definition of 3, in equation (4.36), Q* < H, > can be written

as

1 0
O < Hy > (0.p) = =5 - (AL + BY) = Z32 (0, + v,

The Hamiltonian vector field associated to this function is given by

— PP,
Ik A,
XQ2<H2> = fk
—1kBkDB,

ke
Bk By,

which defines a pair of uncoupled oscillators. The solution is

Ap(t) = fAlkACOS(—ﬁkt) + Bkpay sin(—nxt), (4.55)
pa (t) = —% sin(—7nxt) + Da,, cos(—nit), (4.56)
Bi(t) = Ekfos(—ﬁkt) + Bib, sin(—Tjt), (4.57)
pault) =~ sin(~7id) + P cos(~7it) (458)

91



with the corresponding flow map

2
¢ <17 (q,p)

cos(—1t)

0

0

—é sin(—mnt)

Bk sin(—1t) 0
cos(—t) 0
0 cos(—nxt)
0 _ﬁ_lk Sin(—ﬁkt)

0
0
By sin(—1nt)

cos(—nt)

Ak

Pay
By,

pB,

. (4.59)

Since Hy, < H; >, and < Hy > all Poisson commute with each other, the flow of

the second-order truncated system is given by

Ho+Q<H Q2<H Q%< H Q<H H
to+< 1>+ < 2>( t< 2>O¢t< 1>O¢t0(

4, p) 4,p)

Q<H O2<H H
¢t< 1>O¢t < 2>O¢t0(

q,D). (4.60)

From equations (4.37) and (4.59) we have

2
O <Ho> o

Hop
t t

cos(—ngt) O sin(—nxt) 0 0
_ﬁ_lk sin(—nit)  cos(—nt) 0 0
0 0 cos(—nt) By sin(—nxt)
0 0 - Bl—k sin(—ngt)  cos(—mxt)
cos(net) Oy sin(ngt) 0 0
- i sin(ngt)  cos(nxt) 0 0
0 0 cos(net) B sin(ngt)
0 0 — /B_lk sin(ngt)  cos(nxt)
cos(wt)  Osin(wt) 0 0
— L sin(wt)  cos(wt 0 0
A sin(r) () (4.61)
0 0 cos(wt)  [gsin(wt)
0 0 - Bl_k sin(wt)  cos(wt)
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where we have defined w = 7, — 7. From this we see that the terms in 2
appear to soften the material and reduce the frequency of vibration. (This is the
usual spurious softening arising from linearizing too early in the modeling process
and was seen also in Section 3.4.3. We note once again that we feel it would be
interesting to use a geometrically exact model of the ring.)

We now apply the flow map of Q2 < H; > to get

Q<H Q2<H H
t< 1>o t<2>o to _

—2kQOt : —2kQt
cos () 0 —sin(F5F) 0
—2kQ : —2kQ
0 cos () 0 —sin (7557
: —2kQt —2kQt
S ( T+k2 ) 0 cos ( T+k? ) 0
: —2kOt —2kQ¢
0 () 0 cos()
cos(wt)  [sin(wt) 0 0
— L g
) 3 sin(wt)  cos(wt) 0 0
0 0 cos(wt) [y sin(wt)
0 0 - B_lk sin(wt)  cos(wt)
cos (%) cos(wt) By cos (%) sin(wt) — sin (%) cos(wt) — B sin (%) sin(wt)
— ﬁ cos (%’”)fﬂz—t) sin(wt) cos (%kkﬂft) cos(wt) ﬁ sin (%kkﬂft) sin(wt) — sin (%k;c%—t) cos(wt)
sin ( _likk%f) cos(wt) B sin ( _likk%f) sin(wt) cos (%kk%t) cos(wt) By, cos ( ;ikkgét) sin(wt)
_ ﬁ sin ( Ij-kk%t) sin(wt) sin ( Iikk%t) cos(wt) - é cos ( Iikk%t) sin(wt) cos ( ;ikk%t) cos(wt)

From the above equation the time evolution of (A, By) given the initial conditions

(A\Im ék»ﬁAmﬁBk) is

~ —2kQ —2kQt
A(t) = Agcos (7> cos(wt) + Brpa, cos (7) sin(wt)

1+ k2 1+ k2
~ —2kQt —2kQt
_Bk sin <m) COS((A)t) — ﬁki)\Bk sin <W) Sin(wt), (462)
~ [ =2k0t 2RO .
Bp(t) = Agsin < e ) cos(wt) + BrPa, sin < T k2) sin(wt)

-2k —2kS)
+ B, cos (Tkk‘;) cos(wt) + Brpg, cos (%) sin(wt). (4.63)
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Inserting the above into equation (3.103) yields the solution of « to be

a(t) = Ag(t)cos(kf) + By (t) sin(k)

~ 201 S 20
= {Akcos (k {9—% . —i—kz}) + By sin (k‘ [9+ 1+k2])] cos(wt)

+ 0B {ﬁAk cos (k {9 + 20 D + DB, sin (k; {9 + 240 D} sin(wt). (4.64)

14 k2 1+ k2

This can be recognized as a ring which is vibrating in mode £ at frequency w whose

20
14+k2°

nodes are rotating at the rate —

4.4.4 A comparison with the results of Bryan

Recall from equation (3.155) that the solution to the linearized system undergoing

with @, given by equation (3.154). Let ap denote this solution to the angular

deformation expressed in the rotating coordinate frame. We have

ap = A cos(wygt) cos (k: {gb + 1?22}) (4.66)

where, by abuse of notation, we denote the amplitude of a by A. To compare this
to the solution to second-order as given by equation (4.64) we first match initial

conditions by choosing
A=A, Bry=0, Dpa =0, pp, =0. (4.67)
We then have the following comparison.

Lemma 4.4.2 | — ag| is O(Q2?) on the timescale §.
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Proof

20
la —ag| = ‘Acos(/{ {9+ —i—kz})

1
< |A]] cos(wit) — cos(@i)

|cos(wyt) — cos(wyt)|

242 —242
— A ( - o) —( —%+0(t3))‘
t2
= |A[|(@} —wi)5 +O(?)

), QKK - 3)

= |A] | A R (e — Te)* [ £* + O(t%)

Q22 (k2 — 3) QK2 —3) QA — 3)?
T I B G _ 2 3
S T = R (T TN S A M
K2(k2 —3)\?
| ]

4.4.5 Comments on the corrections to the ring example

In this section we have applied the non-adiabatic corrections to the vibrating ring
gyroscope and shown that by incorporating the second-order terms (in the rate
of the imposed motion) we are able to recover, to second-order, the shift in the
frequency of vibration due to the imposed rotation. While the linearized setting
for the ring was chosen so as to enable comparison to the results of Bryan, the

approach is directly applicable to systems with nonlinear dynamics.
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Chapter 5

Geometric phases in dissipative

systems

5.1 Introduction

In a conservative system, phase space volume is preserved under the flow of the
system. By contrast, in a dissipative system the volume may decay and as a
consequence stable attractors such as exponentially stable equilibria and attracting
limit cycles may exist. In this chapter we focus on classical dissipative systems
with symmetry and define a framework in which to understand the existence and
role of geometric phases in these systems.

The essential idea behind geometric phases in classical dissipative systems is as
follows. Consider a system defined by a vector field on a manifold P and assume
the vector field is equivariant with respect to a given action of G on P. We then
say this system admits G' as a symmetry group. Under appropriate assumptions
the system can be factored into dynamics on the reduced space, independent of

the group variables, and dynamics on the group. In general the group dynamics
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depends on the variables in the reduced space. Assume further that the reduced
dynamics admits an isolated exponentially stable equilibrium point which depends
on a parameter. Due to the exponential stability of the equilibrium point, as the
parameter is slowly varied we expect the system to remain close to equilibrium
and in the adiabatic limit to remain in equilibrium at all times. As the reduced
system follows the changing equilibrium, there is a corresponding motion in the
group variables. If the parameter is eventually brought back to the original value
the reduced system returns to the original equilibrium point. There may, however,
be a net shift in the group variables and a component of this shift may depend only
on the path followed by the parameter. It is this effect which may be interpreted
as a geometric phase.

In physical systems with dissipation it is not uncommon to find the existence
of pattern-forming solutions. If these systems exhibit spatial symmetries then any
shift of the pattern by the action of the symmetry group will also be a solution. A
useful example to have in mind is described by Landsberg in [49]. Consider fluid
in an annular container where the relevant symmetry group is SO(2) and suppose
we observe some particular stationary wave pattern. Due to the symmetry of the
system, this pattern exhibits marginal stability, i.e. rotating the pattern by an ar-
bitrary amount in the direction of the symmetry produces another stable solution.
Assume now that the system depends on a parameter which we can control. If
the parameter is varied adiabatically then the pattern will slowly deform. After
returning the parameter to its original value the initial pattern will be recovered
but now, due to the marginal stability, there may be a net rotation. In this case,
then, the geometric phase exhibits itself as a spatial shift in the pattern and is

described by a net displacement by the symmetry group of the system.
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Early work on geometric phases in classical dissipative systems includes that
of Kepler and Kagan [44] in which they considered systems with stable limit cy-
cles undergoing an adiabatic variation of a parameter around a closed path. They
showed the existence of a geometric shift in the variable parametrizing the limit
cycle and expressed this shift as the integral of a two-form over a surface bounded
by the loop in parameter space. Together with Epstein they applied these ideas to
explore geometric phase shifts in chemical oscillators [38]. In similar but indepen-
dent work, Ning and Haken explored geometric phase shifts in the context of laser
dynamics [66].

Landsberg expanded upon this work and developed a more general theory of
geometric phases in classical dissipative systems with symmetry [48, 49]. He con-
sidered primarily systems with one-dimensional symmetry groups and developed
techniques applicable to general to finite-dimensional abelian groups. In this chap-
ter we build upon that work by allowing arbitrary finite-dimensional symmetry
groups. Given a dissipative system with symmetry, we will define an appropriate
principal fiber bundle and a connection we term the Landsberg connection. The
holonomy of the Landsberg connection then defines the geometric phase.

We begin in the next section by establishing the framework for the problem and
defining the Landsberg connection under the condition that the group dynamics are
at an equilibrium whenever the reduced dynamics are. This assumption excludes
systems which exhibit propagating patterns. These systems, however, are not
uncommon (see, e.g., [89]) and in Section 5.3 we introduce the dynamic phase
which allows us to cast a system whose group dynamics exhibit non-stationary
solutions into the framework of the Landsberg connection. Although Landsberg

does describe phases in systems with non-stationary wave patterns through the
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use of a co-moving reference frame [49], the situation is more complicated when
one allows the symmetry group to be non-abelian.

In general, there does not exist a global set of coordinates on a Lie group G. If,
however, the group is solvable then we can use the global representation afforded
to us by the canonical coordinates of the second kind. In Section 5.4 we define
the induced Landsberg connection to describe the geometric phase in this setting,
allowing us to determine the phase in terms of these coordinates directly. Finally

we present an example to illustrate the proposed method.

5.2 The Landsberg connection

5.2.1 Dissipative systems with symmetries

Let P be a smooth manifold and let F(P) denote the set of all smooth functions

on P. We begin with a few definitions as in [95].

Definition 5.2.1 Let h € F(P). A wvector field X on P is called a dissipative

vector field with respect to h in the region O C P if
i) (X(h))(z) <0, forall z € O,
ii) (X(h))(z) =0 if and only if X =0 for all z € O.
|

Thus X is a dissipative vector field with respect to h if h is a non-increasing
function along the flow of X and if h is constant along this flow only if the vector
field itself vanishes.

Let ® be a free and proper left action of a matrix Lie group G on P. The

reduced space P/G is then also a manifold and we can construct the principal
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bundle 7 : P — P/G. We define a projectable vector field on this bundle as

follows.

Definition 5.2.2 A vector field X on P is said to be projectable if for each

h € F(P/G) there exists an h € F(P/G) such that
X(hom) = hor.
The corresponding projected vector field X on the reduced space P/G is defined by

X(h)yom=X(hor). (5.1)

Given a projectable vector field X on P, the reduced dynamics on P/G are
defined by the projected vector field X. If X is equivariant with respect to a free
and proper action of a Lie group G on P then the full dynamics on P can be
reconstructed from a solution to the reduced system as described in the following

theorem. The proof follows standard reconstruction arguments (see, e.g. [57] or

[67])-

Theorem 5.2.3 Consider a smooth manifold P, a free and proper left action ®
of a Lie group G on P, and the corresponding principal bundle m : P — P/G. Let
X be a projectable vector field on P which is equivariant with respect to the group
action and let y(t) denote the integral curve of the projected vector field X starting
from yo € P/G att = 0. Then, given an initial point py € 7~ (yg), there exists a

unique curve p(t) in P which projects to y(t) and is an integral curve of X.

Proof We prove this theorem with an explicit construction of the integral curve

p(t). Choose a smooth curve z(t) on P such that w(z(t)) = y(t) for every ¢ with
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2(0) = po. Define the curve p(t) = @y 2(t). We seek an equation for g(t) such
that p(t) is the integral curve for X passing through py at ¢ = 0 and thus require

that

X(p(t)) = X(Pyy2(t)) = p = (Tey@yrr)) 2(t) + (T Pyry) EX) p(2(2)  (5.2)

where £(t) = g7 1(t)g(t) is a curve on g and £() p is the corresponding infinitesimal

generator at each t. Rearranging this equation yields

-1

) +EM)p((t) = (TopyPyw)
= (Tég(t)z(wq’gfl(t)) X(®y02(t))
= X(Pg-1()(Pyr)2(t)))

= X(z(1)) (5.3)

X(Pg(r)2(1))

where the second-to-last step follows by equivariance of X with respect to the
action ®,. Solving this equation yields £(¢). Once ¢ is known the group trajectory
is determined by

g=9¢ g(0)=1 (5.4)

and this in turn yields the integral curve p(t). The uniqueness of p(t) is imme-
diate from the uniqueness of integral curves. In addition p(t) projects to y(t) by
construction. n

A curve p(-) on P can be expressed in a local trivialization of the fiber bundle
as a pair p(t) = (g(t),y(t)) where g(-) € G is a curve in G and y(-) € P/G is a
curve in the base space. Thus the curve p(t) starting at py = (go, yo) is locally

defined by the system
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with g(0) = go and y(0) = yo. Here £(-) € g is a curve in the Lie algebra. If p(t) is
an integral curve of a projectable vector field X then f is the projected vector field
on the base space P/G. If X is also equivariant with respect to the group action @
then the system defining the group variable must be left invariant, i.e. the group
equation has the form ¢ = g¢(y). From these considerations, for the remainder of

this chapter we will consider systems of the form

g = g&y. ),

where we have introduced the parameter A € U C R™. We further assume

(5.5)

there ezists a family of exponentially asymptotically stable equilibria y*(\), i.e.
f(y*(A),A) = 0 for all X € U. Initially we also assume that &(y*(A),\) = 0 for
all A\. This condition will be removed when we introduce the dynamic phase in

Section 5.3.

5.2.2 An asymptotic analysis

We wish to understand the behavior of system (5.5) as the parameter X is varied
adiabatically. To do so, introduce a time dependence into the parameter by taking
A = A7) where 7 = €et, ¢ > 0. We now carry out an asymptotic analysis of the
system (see, e.g., [78] or [94] for background material on asymptotic analysis).

Begin by assuming y can be expressed as

y(t) = y0<t7 T) + Eyl(t7 T) +e (56>

with initial condition y(0) = y*. Here we view ¢ and 7 as independent variables.

From equation (5.6) we have

% , Oy

. dy _ Iyo o | O
y‘m“&_m+[

e§+mhm& (5.7)

102



Since y = f(y, A), we have

_ 9% [0y  Oun 2
Ftent 0= g e| S0 0 o) 58)

Setting € = 0 yields

Yo

f(wo, A) = o0 Yo(0) =y~ (5.9)

and therefore yo = y*. Now expand f in a Taylor series about the solution y = y*.
This gives
fwA) = f@ N+ (TN y—y)+ -
= (T )y +O@) (5.10)

where the last step follows from the fact that f(y*,A\) = 0 and yo = y*. Here

(T, f) denotes the linearization of f at y*. Combining equations (5.8) and (5.10)

we find
e(Tyflyr + O(e*) = € %4“% + O(é?). (5.11)
4 or ot
At first order in €, then, we have
dy* Oy
=2 4L 2 (T, 12
and therefore
oy oy*
E = (Ty*f) = or (5'13)

For fixed 7 this is a linear ordinary differential equation with constant coeffi-
cients and it can thus be solved by the variation of constants formula. Freezing 7,

then, we have

t *
y(t) = e(Ty*f)tyl(O)_/ e(Ty*f)(t—o)aidO_
0 87‘

L, oy ,Oy*
= (T D)y, (0) + (73, ) 1{%_6(Ty*f) o
= (T,-f)"" v _ (T )~ (1 1)t 0y (5.14)
or or
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where we have used the fact that since y(0) = y* = yo we have y;(0) = 0 for
all @ # 0. Since the equilibrium y* is assumed exponentially stable we know
that (T} f) is Hurwitz and thus (T}-f) "' exists. From the Hurwitz property the
second term in equation (5.14) decays to zero exponentially. The rate of this decay
determines the dissipative time scale of the system. For times long with respect to

the dissipative time scale we can neglect the second term in equation (5.14) and

thus
—1 0y” _1 0y”
y) =y +e (M) e =y (1) L (515)
Recalling that y* depends on time only through its dependence on A we write
) - LA
y(t) = y" + (T, ) Vay (5.16)

E .
We now expand the map &(+) in a Taylor series around y* and truncate to first

order. This yields

§y) = &N+ (1) (y—y")
= (8 (T VD (517

where we have used the assumption that £(y*, A) = 0. Define the map A, by

Aloc TR™ — g

()‘a U) = AZOC(/\)<U) = ((Ty*f) (Ty*f>_1 VAy*) v. (5-18)

Notice that this map is linear in the tangent vector v.

5.2.3 The Landsberg connection

Consider the principal bundle G x U — U. Let ® be the action of G on G x U

defined by

d:Gx(GxU) — GxU
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(h,(g,\) +— (hg,\). (5.19)

The infinitesimal generator corresponding to an element 7 € g is given by

noxw = | (exp(sn)g A) = (ng.0). (520)

s=0

(We note that the infinitesimal generator of a left action is right invariant. For
further comments see, e.g. Example 4.1.25 of [1].)
The map A, defines a principal connection on the principal bundle 7 : GXxU —

U as follows.

Definition 5.2.4 The Landsberg connection on 7 : G xU — U is the g-valued
one-form given by

An(g. N6, ) = Ad, (g—lg - AZOC(A)A) . (5.21)

We have the following proposition.
Proposition 5.2.5 Ay is principal connection on G x U — U.

Proof We need to show that for n € g, AL(g9,\)(nexv) = n and that Aj is

Ad—equivariant. We have

Ar(g: Nnexv) = Awlg, )(ng,0)
= Ady(g~'ng) =n.

For Ad-equivariance we have

Aplhg (19, 3) = Adsy ((hg) ™" hg — Ae(V)A)
= Adyy (979~ AucV)A)
— Ad, (Adg <g—1g - A,OC(A)A))

= Ady (Aelg. V(3 4)
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The geometric phase equation resulting from the Landsberg connection is
9= gAwc(MA. (5.22)

For a dissipative system with symmetry, system (5.5), the geometric phase
corresponding to an adiabatic variation of the parameter A around a given closed

loop parametrized by s € [0, 1] is the solution to equation (5.22) at the time s = 1.

5.3 The dynamic phase

Consider once again the system in (5.5). We would like to remove the restriction
that £(y*,A\) = 0 by expressing g as the product of a geometric component, g,,,
and a dynamic component, gq4,. Since G is not necessarily an abelian group, there

are two ways to combine g4, and gg,, namely

g = GgpYdp, (5‘23>

9 = YipGgp- (5.24)

Here g,,, the geometric phase, is intended to capture the component of the
group evolution which is geometric in nature and it should therefore be amenable
to the treatment in Section 5.2. In particular the defining system for g,4, should
be at equilibrium when the reduced dynamics are. On the other hand, g4y, the
dynamic phase, should capture the dynamics of g when vy is at equilibrium. Naively

we would take

gdp = gdpf(y*v)‘)a (525>

Jgp = 9917(5(% A) =&y, ) Z ggpfgp(% A) (5.26)
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with the initial conditions g4,(0) = 1 and g¢,,(0) = 1. The dynamic phase gg
then exactly captures the dynamics when y is at equilibrium and g, satisfies the
conditions in the previous section. These definitions, however, do not necessarily
combine to give the full dynamics in equation (5.5).

We thus have four options; we can choose to combine the components either as
in equation (5.23) or as in (5.24) and in each case we can either define g,, through
(5.26) and derive the resulting equation for gg, or define g4, through equation

(5.25) and derive the resulting equation for g,,. We consider each in turn.

Case 1: Equation (5.23) and equation (5.26)

Here we fix the form of g4, as in equation (5.26) and the form of ¢ as in equation

(5.23). Taking the time derivative of equation (5.23) we have

g = ggpgdp + ggpgdp' (527)

Solving for the dynamic phase equation from equation (5.27) using equations

(5.26) and (5.5) yields

Gip = 9gp (9 — GgpYap)
= G (98WA) = 9ap [€(W, A) — €7 V)] 9ap)
= 9op (Gap9apE (¥, \) = 9gp€ (Y, M) gap + Gap&(Y", ) gap)
= 9ap€(Y, A) = £y, M) gap + £ A)gap
= 9apS (" A) + gap (§(y, ) — €Y7, ) + (€W A) = €(y, A)) gap
= 94§y, A) + GapSep(y, A) — Egp (Y, A) Gap- (5.28)
This equation is similar to our naive expression in equation (5.25) but contains

additional y-dependent terms. This dependence on the dynamics of y will in gen-

eral greatly complicate finding a solution to equation (5.28). Since as € approaches
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zero, &g, also approaches zero, one might expect to get a good approximation by
discarding the y-dependent terms in equation (5.28). This is not true, however,
since the small size of £,,(y) is compensated for by the increase in time over which
the parameter variation takes place and thus the final two terms cannot be ne-

glected. [ ]

Case 2: Equation (5.23) and equation (5.25)

We once again choose the form of ¢ as in (5.23) but now fix g4, as in equation

(5.25). Solving for g, from equation (5.27) yields

Jop = (9 — 9gpGap) gdjf
= (96, N) — Gap9anf (", M) 9,
= (9gp9ap§(y; A) — ggpgap€ (¥, A)) gc?p1

= ggpAdgdp (Eap(y, A)) 2 ggpggp(% A). (5.29)

Since £,,(y*) = 0, this equation for g,, meets the condition that it be at equilib-
rium when the reduced system is and the technique of Section 5.2 can be applied
using ggp. To do so, one must first solve equation (5.25) for g4, as an explicit
function of time to determine Egp. The resulting expression for A;,. (see equation
(5.18)) will then depend on time through gg,. We therefore no longer expect the
resulting adiabatic approximation for g4, to be geometric and we discard this case.
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Case 3: Equation (5.24) and equation (5.26)

In this case we once again fix the equation for g, as in equation (5.26) but combine

gap and g, as in equation (5.24). From equation (5.24) we have

g = gdpggp + gdpggp- (530)

Solving for the dynamic phase equation yields

Gap = (9 — gdpggp) 9&;1
= (96, N) = Gapap (E(y, A) = E(Y", V) g
= (9ap9gpE (W, N) — Gap9gpE (s N) + Gapggp (Y™, M) 95

= gdpAdggp (g(y*a )‘)) . (531)

To solve equation (5.31) we must first solve for g,, as a function of time. In
the adiabatic approximation the equations for the geometric phase are defined by
the Landsberg connection where now in the definition of 4, in equation (5.18)
we take £ to be &,. The resulting solution for g,, can be used in equation (5.31).
By using this approximation for gy, we then obtain an approximation to gg,. The

errors so introduced go to zero in the adiabatic limit. n

Case 4: Equation (5.24) and equation (5.25)

Finally, we again use the ordering ¢ = g4pg,, but fix g4, as in equation (5.25).

Using equation (5.30) to solve for the geometric phase equation, we obtain

Jgp = gd_pl (9 — Jap9ap)
= g(;pl (9ap9gp€ (Y A) — 9ap€(y™s A ggp)

9ap§ (Y, A) = E(y", A)ggp. (5.32)
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In the nonabelian setting, equation (5.32) does not satisfy the condition that
gsp = 0 when y = y* and therefore does not allow the perturbation theoretic
approach of Section 5.2. We therefore discard this case. n

Of these options, case three is the natural choice. We thus replace the system

defined by equation (5.5) by

9op = 9ar€ar(y, A);
g = [y (5.33)
Jap = JapAdg,, (E(Y" ).
The first two equations can be treated as in Section 5.2 to yield the geometric
phase. The third equation can then be solved and the group trajectory recon-

structed from g = gapggp-

Remark 5.3.1 The geometric phase in a dissipative system with symmetry depen-
dent on a parameter undergoing an adiabatic evolution is by definition the holon-
omy of the Landsberg connection with respect to the closed loop in parameter space.
From equation (5.33) we see that in general to solve for the dynamic phase we must
know the entire time evolution of the geometric phase as the parameter is varied,
not simply the value at the completion of the loop. One should keep in mind, how-
ever, that in general the character of the equilibrium point in the full system is
changing as the parameter is varied. If, for example, the equilibrium corresponds
to some pattern in the full system then for each parameter value this pattern may
be different. It does not in general make sense, then, to consider the value of ggp
at intermediate values along the loop as a phase shift. In special cases, such as if
the group describes the state of a physical property such as position or orientation

of the system, the comparison at different equilibrium points may be valid.
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5.3.1 The abelian case

The following theorem states that if the symmetry group is abelian, the four cases

above are all equivalent to the naive choice in equations (5.25) and (5.26).

Theorem 5.3.2 If G is an abelian group then the dynamical systems in cases one

through four are equivalent to the system in equations (5.25) and (5.26).

Proof We need to show that all four cases reduce to the equations

9ap = YopSap(Us A),
Gap = 9apS(Y", ).
In cases (1) and (3) we have g,, = ggp€yp(y, A). Furthermore, in case (1), from
equation (5.28) we have
Gap = 9ap&(Y"s A) + Gap€gp — EgpYap
= 9ap€ (" A) + gap€gp — GapSap

= 9ap€(y"5 ). (5.34)

In case (3), from equation (5.31) we have

gdp = gdpAdggp (§<y*a )‘))
Japgap€(Y" )\)gg_pl

= Gap§ (Y7, A)- (5.35)

In cases (2) and (4) we have g4, = g4p&(y*, A). In case (2), from equation (5.29),

we have

Jgp = ggpAdgdp (Eap(ys A))
= Ggp9apop(¥; A)g;pl

apSar(Y, A)- (5.36)
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Finally, from equation (5.32), we have

ggp - ggpf(ya >‘) - S(y*, A)Qgp

YapSap(Ys A)- (5.37)

]
Thus the situation is greatly simplified when the symmetry group is abelian.

In particular the dynamic and geometric phases may be solved for independently.

Remark 5.3.3 We note that if the symmetry group is abelian, the geometric phase
can be calculated using either the line integral of the connection around the closed

loop or the area integral of the curvature form as in equation (2.14).

5.4 The induced Landsberg connection

In general the Lie group G will not have a global set of coordinates. If, however,
the associated Lie algebra is solvable then a theorem of Wei and Norman [97] states
that there is a global representation given by a product of exponentials involving
a set of parameters known as the Wei-Norman parameters determined by a set of
ordinary differential equations. These equations are solvable by quadrature.

It is usually simpler to deal with the equations in Cartesian space defining the
Wei-Norman parameters than it is to handle the group equations (as in equation
(5.33)) on the manifold G, both analytically and numerically. Because of this, in
practice one usually performs calculations in terms of these parameters directly. In
this section we therefore develop the geometric and dynamic phases in dissipative

systems with symmetry in terms of the Wei-Norman parameters.
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5.4.1 Canonical coordinates of the second kind

Consider a left-invariant dynamical system on an n—dimensional matrix Lie group

G defined by
9= (T.Lg)¢ = g¢ (5.38)
where £(-) is a curve in g. Let g* be the dual space to g, i.e. the space of

linear functionals from g into R. Let {A;,i = 1,...,n} be a basis for g and let

{A%,i=1,...,n} be the basis on g* dual to the A; basis, that is
A(A;) =6, dj=1,...,n (5.39)

where (5} is the Kronecker delta symbol. Then the curve £(-) C g can be represented

as
§(t) = Y _GHA =D A(E(t) A (5.40)
i=1 i=1
We have the following theorem.
Theorem 5.4.1 [97] Let g(t) be the solution to the left-invariant dynamical system

given by equation (5.38) with g(0) = T . Then there exists ty > 0 such that for

[t| < to, g(t) can be expressed in the form
g(t) — 671(15)«41 6'72(t)A2 T e’Yn(t)An (541)

A;

where €Y = exp(v;.A;) is the exponential map. The Wei-Norman parameters

7= (- ) satisfy
=M | : |, for |t| < to (5.42)
where v(0) = 0 and M(v) is a real-analytic, matriz valued function of . If g is

solvable then there exists a basis of g and an ordering of that basis for which (5.41)

is global. In that case equation (5.42) can be integrated by quadrature. n
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Thus when the symmetry group of the dissipative system is solvable, we can
replace the system on G with the system defined by equation (5.42). We can also
do this for a general symmetry group if we can guarantee we remain for all time
in a neighborhood of the identity where the representation holds. The geometric
phase is, however, generically a global phenomenon and the group dynamics are not
inherently restricted to a neighborhood of the identity. In what follows, then, we
consider only systems whose symmetries are solvable groups, though in principle

the techniques are applicable in general under appropriate restrictions.

5.4.2 The induced Landsberg connection

Consider once again the system in equation (5.5) and assume that {(y*,\) = 0.
Assume further that the Lie algebra g is solvable. Let {A;}; be a basis for g
such that the Wei-Norman coordinates are a global representation. From Theorem

5.4.1 we can replace system (5.5) with

¥o= M()E(y,A),

(5.43)

To describe the behavior of this system as the parameter is adiabatically varied
we proceed as follows. Construct the product bundle 77 : R" x U — U and make

the following definition.

Definition 5.4.2 The induced Landsberg connection A;, is the vertical valued

one-form on the product bundle 7 : R" x U — U defined by

Ap(7, A)(v3,03) = (05 = MO(Y(T-)(Ty /)~ (Vay™)ua, 0) - (5.44)
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Here T,-£ is the linearization of the map £ and is given by

T& = : (5.45)

,y*

where & = A%(€). We have the following proposition.
Proposition 5.4.3 Ay is an Ehresmann connection on 7 :IR" x U — U.

Proof We need only show that Ay is a vertical projection. Since the bundle is
globally a product bundle, the vertical vectors at the point (v, A) have the form
(vy,0) for v, € T,IR". Then

AL(7,N)(v,,0) = (v,,0). (5.46)

The horizontal subspace at (v, A) of this connection is

Hyp = kerAp(y, A) = {(M(V)(T-€)(Ty )~ (Vay Jva, va)lus € BIR™} . (5.47)

The horizontal lift of a vector field X on the base space to the total space is

hora, (X)(7,A) = (M(Y)(Ty-) (T ) (Vay) X (A), X (V) - (5.48)

5.4.3 The dynamic phase

To remove the assumption that &(y*,\) = 0 we use the results of Section 5.3
but now express the dynamic phase equations using the product of exponentials
solution and define the dynamic phase in terms of the corresponding Wei-Norman

parameters directly.
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The differential equation defining the Wei-Norman parameters for the dynamic

phase is, from Theorem 5.4.1,

Yap = M (Vap)&ap (5.49)

where, from equation (5.33),

Eap = Ady,, (E(y", A)- (5.50)

We would like to express &g, in terms of the basis {A4;}7 ;. We have

5dp<y*) = Adggp(g(y*7)\))

= Adggp(z &i(y")A:)

— Zfi(y*)Adggp(Ai). (5.51)
=1
For a given element g € G define the constants o/ by
Ady(A;) =) alA;. (5.52)
=1
Then

Sply?) = DGy )Ady,, (A)
= DG oA
= Z[Zaéipfi(y*)] A (5.53)

j=1 Li=1

and so
n

Eap)ily") = D ad &(y"): (5.54)

J=1

The dynamic phase is then given by inserting equation (5.54) into equation
(5.49), solving for the Wei-Norman parameters for the dynamic phase, and using

the result in equation (5.41).
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5.5 Example

In this section we illustrate the techniques developed in this chapter with an exam-
ple containing both a geometric and a dynamic phase. We will take G = SE(2),
the group of rigid rotations and translations in the plane, as our symmetry group
and couple it to a damped, driven harmonic oscillator. We choose the following

basis for the Lie algebra se(2).

0 -1 0 00 1 00 0
Ai=11 0 o0 A=10 0 0 As=1 0 0 1 (5.55)
0 0 0 000 000

Consider the equation for a damped harmonic oscillator with forcing where the

natural frequency and the driving force are parameter-dependent.
i+ ki 4w (A)z = (o) (5.56)

Let y = (z, %) and write the system in state space form.

. 0 w(>\1) 0
y = Y+
—w(h)  —k f(2)
= Ay+0 (5.57)

which defines the Hurwitz matrix A(\) and the vector b(\). The example system

we consider is given by
g = g(Awn+ Awp),
gy = ANy +b(N)

(5.58)

with g € SE(2) and \ € IR?. The parameter-dependent equilibrium point for the

harmonic oscillator is
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k 1
I Bcrs vy Bl ovy 0
oy 0 f(%)
f(X2)
= | . (5.59)
0
At this equilibrium point we have
f(x2)
* )\ — .
€' N = AT (5.60)

and so the group dynamics are not stationary when the dynamics on the reduced
space are at equilibrium. Following the technique outlined in Section 5.3, we

replace the system in equation (5.58) by the system

Jgp = Ggp (Ar(y1 — ui) + Azypa)

(5.61)
gy = ANy +b(A)
together with
. f(x2)
Jdp = gdpAdggp (Alw()\l) . (562)
The natural frequency and the driving force are taken to have the following
forms.
w(A1) = W+ A,
) g ' (5.63)
f(h) = .
From this we have
-3 A2
Vay* = @) (@+h) (5.64)
0 0

5.5.1 Dissipation rate in the linear system

To determine the rate of convergence to the equilibrium in the linear system we

first shift the coordinates by defining z = y — y*. We then have
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= Aly+y -y )+b
= Az+ Ay +b

= Az (5.65)

The eigenvalues of the Hurwitz matrix A are given by

 —kx VE?2 — 402

Hi s 2 (566)
Letting || - || denote the standard Euclidean norm on IR* we have
1d 1
§a||ZH2 = 3 (72 +2"2)
= 2T Az
A
< Re(u)ll=)* = —Cll=]" (5.67)

where ¢ = |Re(y;)]| is the absolute value of the largest (least negative) real part of

the eigenvalues of A. Therefore
12117 < e=[|=(0)I*. (5.68)

From this we see that the rate of dissipation is given by the largest real part of
the eigenvalues of the matrix A. From equation (5.66), the system will be critically
damped if w and k are chosen so as to satisfy £k = 2w. We thus take v = g If the
variations in A; are small in amplitude with respect to @ the system will remain

nearly critically damped at all times.

5.5.2 The geometric phase equations

Since SE(2) is solvable we know from Theorem 5.4.1 that the ordinary differential
equations defining the Wei-Norman parameters are solvable by quadrature. The

following proposition, paraphrased from [92], explicitly gives this solution.
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Proposition 5.5.1 [92] Let G = SE(2) and let g(-) be a solution to the left-
invariant system on G given by equation (5.38) starting from the identity. Then

there exists a global representation of the curve g(-) of the form (5.41) with M (~y)

given by
1 00
My)=1 v 10 (5.69)
-7 0 1

and the Wei-Norman parameters (v1,72,73) are solvable by quadratures. With

g(0) = T we have v;(0) =0, i = 1,2,3 and the solution is given by
t
Wty = / &1(r)dr, (5.70)
0

w(t) = [ e ( [ o) ar

T /0 y(r) sin ( / t fl(o)da) ar, (5.71)
w(t) = - [ & ( [ awun)ar

T /0 £4(7) cos ( / t 51(0)d0> ar. (5.72)

Consider a curve A(-) € IR? parametrized by ¢. From equations (5.48), (5.61),
(5.64), and (5.69), the geometric phase equation for the Wei-Norman parameters

18

L2 T WS > PR
2@+A)* M T (@+ar)3 2
. 2 . .
Y= M(7> m/\l + ((D'i\—f\l)QAQ : (573>

0

From equations (5.70)-(5.72) the solution is given by

B t kX2(7) . B EXa(T) i
n0 = [ |ze e - m e ] o7
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- cos ( / t [%MU) - %AQ@} da) dr, (5.75)
sin ( / t [%)\1(0) - @Ti—%))g&(a)} da) dr. (5.76)

If the loop is completed at time ¢ = T', the geometric phase is given by (7).
To see that the geometric phase is not necessarily trivial for all loops, consider
equation (5.74) and a smooth path C in parameter space. The integral over the

closed path can then be written as

k)2 ks
T) = —2 N — ———=d\ 5.77
(1) ﬁ[z(ww -, (5.77)
2k \o
= A\ A dA 5.78
/D(@+A1)4 ! 2 (5.78)

where D is any surface in parameter space bounded by C. We see then that the

one-form in the integral of equation (5.77) is not exact.

5.5.3 The dynamic phase equations

It can be shown (see, e.g. [92]) that the Wei-Norman representation for an element

g € SE(2) with the basis for se(2) given by equation (5.55) is

cosyp —sinyr Y2€os8y — yzsiny
g= 671A1 e’YzAz e'YsAs — sin " oS Y sin Y1 4 3 coS Y1 (579)

0 0 1

cos¢p —sing

= sing cos¢ y (5.80)

0 0 1
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where in the second equation we have shown the usual form of elements of SE(2)

as rigid motions in the plane. We then have the following proposition.

Proposition 5.5.2 For a given element g € SE(2) given by equation (5.79) the

constants 0423 are

1 _ 12 _ : 13 _
a; = 1, Qg = Y2871 +7Y3C0871, Qg = —72C0871 + V371,
21 _ 2 _ 23 _ o
a; = 0, a;” = cosm, g = sinv,
31 _ 32 _ : 33 _
ay = 0, a,® = —sinn, Q= cos.
(5.81)

If g is given by equation (5.80) the constants take the form

11 1 12 __ 13 _

at = 1, =y, o) = -,
agl = 0, agz = oS¢, ag?’ = sin g, (5.82)
a3t = 0, a?? = —sing, a3® = coso.

g g g

Proof We prove the form in equation (5.82). We have

AdgA, = gAigt =11 0 —z |=A+Ay— Asz.

0 0 coso¢
AdgAg = g.Aggflz 0 0 sinqﬁ :AQCOS¢+A381n¢.

00 O
0 0 —sing

AdgAs = gAsg™'=| 0 0 cos¢ = —Aysin ¢ + Aj cos ¢.
00 0

This establishes equation (5.82). Equation (5.81) then follows from equations
(5.79) and (5.80). u
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From equations (5.62), (5.54), and (5.81) we have

f(X2) f(2) -
O + ,42&)()\1) (72(t) sin(y1(t)) 4 y3(t) cos(71(t)))

f(2)
w(A1)

fdp - -/41

—As

(v2(t) sin(71(2)) + ys(t) cos(71(¢))) (5.83)

where the ~; are the Wei-Norman parameters for the geometric phase, equations

(5.74 - 5.76).

5.5.4 An elliptical loop

We now choose to vary the parameter along a closed loop given by
A =acosl, My =0bsind (5.84)

for 0 € [0,2x]. Using these in equation (5.77) we have

T —ab®ksin® 6 kb? sin 6 cos 0
m(2r) = — - — do
o 2@+ acos@)r  (w0+acosh)d

2m 2
9 a(l — cos* ) cos 0 .
= —kb /0 [2 9)i + 5| sinfdf.  (5.85)

(W + acos (0 + acosh)

Making the substitution u = cos # we have

(27) = —kb? /11 { a(l —w) | w } du =0 (5.86)

2(0 +au)* (0 + au)d

and thus for this loop the geometric phase in 7, is zero. To determine the geometric
phase in v, and 3 we need the evolution of 7; around the loop. Once again making

the substitution u = cosf we obtain the equation

n) = -k’ /1605(0) LCES ¥ 534 G +UW>3} "

cos(6) 2
- kb2 / #du — 7u—
1 2(w + au)t 6(w + au)?

N /cos(e) 1 p )
1 6a(w + au)? " 2a(w + au)?

cos(6) u cos(0)

. 6a(w + au)? |,

cos(0)

1
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cos(0) 1
———d
+/1 2a(w + au)? "

kb* [ cos?(0) — 1 2 2 cos(0)

6

(w+acos(f))?  alw+a)? a(w+acos(f))?

2 2
a?(o+a) B a?(w+ acos(é’))} ' (5.87)

We note that v, depends on 6 only through cos(6) and write v, (0) = v1(cos(6)).
Using the solution for v; in equation (5.75) together with the equations for the

parameter variation in equation (5.84) we have

o ab? sin® 0 b2 sin @ cos @ 2
2 - .
Y2(27) /0 [2(@ T+ acos0)? + @+ acos 9)3] coS (/9 vl(cos(w))dw) do
(5.88)

With the substitution ©« = cos @ this can be written as

o= [ [ o ([ o=
(5.89)

Similarly, from equation (5.76),

27 : : 2T
o (27) _/0 {2( ab?sin® 6 n b2 51119008931 <in (/9 ’yl(cos(?b))dw) 40

w+acosf)r (w4 acosh)
(5.90)

and with the substitution w = cos 6 this becomes

v =~ [ [0 o (- L ) —o
(5.91)

Thus for the elliptical loop defined by equation (5.84) the geometric phase is
zero. However g, is not identically zero around the loop. To solve for the dynamic
phase analytically we need both v, and 73 as functions of #. Due to the complexity
of the equations we turn to numerical simulation.

To vary the parameter we set 6 = Q%t where T should be taken so as to satisfy

the adiabatic condition. In the simulations that follow we choose w = 100 and, to

124



ensure the linear system will be critically damped when A\; = 0, we take k& = 200.
From equation (5.66) we have, at critical damping, p; = % = 100. The adiabatic
criterion will be met if 2% << py. We then choose T such that T" >> %.

In Figures 5.1 and 5.2 we show the loop in parameter space and the evolution

of the linear system for the choices w = 100, k = 200, T' = 10, a = 50, and b = 25.

25

20+

151

10r-

-5

—10F

—15F

-25

Figure 5.1: Elliptical parameter loop with a = 50,b = 25

From Figure 5.2 we see that y, is close to zero at all times and therefore the
system remains close to equilibrium throughout the parameter variation. Note that
the amplitude of the variation of A; is on the order of w so the system actually
strays far from the critical damping condition.

In Figures 5.3, 5.4, 5.5 we show the evolution in the group under the full system
(labeled as "true evolution’), the evolution of the geometric and dynamic phase, and
the evolution of the reconstructed system using the standard SE(2) coordinates of

(¢, x,y) as calculated from the Wei-Norman coordinates (see equations (5.79) and

(5.80)).
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Position and velocity

Figure 5.2: Evolution of linear system with a = 50, b = 25, and T" = 10

—— True evolution
5- -+ Dynamic phase
-— Geometric phase
ar - - - Reconstructed

I I I I I I I I
0 1 2 3 4 6 7 8 9 10

time (s)
Figure 5.3: Evolution of ¢ with a =50, b =25, and T'= 10

From the figures we see, as expected, that the geometric phase is zero. We see
also that the trajectory of the dynamic phase is not even qualitatively similar to
the full system while the reconstructed trajectory is both similar in structure and
a good approximation of the true group trajectory. Since the geometric phase is

zero, the dynamic phase at the end time is equal to the reconstructed phase. The
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—— True evolution

- Dynamic phase
-— Geometric phase ]|
- - - Reconstructed

0.04-

0.02

-0.02

-0.04

-0.06 B 4
1 1 1 1 1 1 . 1 1

0 1 2 3 4

5
time (s)

Figure 5.4: Evolution of x with a = 50, b = 25, and T' = 10

—— True evolution
0.05 -~ Dynamic phase
--- Geometric phase
0.04- - -- Reconstructed ||

0.03}- - g
0.02} B 4

> 0.01

-0.01

-0.02

-0.03

-0.04 L L L L L L I I I
0 6 7 8 9 10

Figure 5.5: Evolution of y with a = 50, b = 25, and T"= 10

remaining error is due to the fact that it is the evolution of the geometric phase,
i.e. the adiabatic approximation to g4, through the use of the induced Landsberg
connection, that is used in the equation for the dynamic phase, equation (5.62).
We expect, then, that as the rate of parameter variation is decreased, the dynamic

phase will better approximate the true system. In Figures 5.6, 5.7 and 5.8 we show
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(¢, x,y) when T = 50.

—— True evolution
5E e Dynamic phase H
-— Geometric phase
4r - - - Reconstructed

0 5 10 15 20 25 30 35 40 45 50
time (s)

Figure 5.6: Evolution of ¢ with a = 50, b = 25, and T = 50

—— True evolution
- Dynamic phase

0.06 - . M

-- Geometric phase

005} --- Reponstructed

0.07 -

0.04

0.03

0.02

0.01

-0.01

-0.02

1 1 1 1 A4 1 1 1 1

0 5 10 15 20 30 35 40 45 50

timés(s)
Figure 5.7: Evolution of x with a = 50, b = 25, and T' = 50

The figures show that indeed the final dynamic phase value is much closer to
the actual position in the group but its trajectory, while better than the previous

simulation, is still a poor predictor of the true dynamics throughout the parameter
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—— True evolution
 Dynamic phase

0.04F -- Geometric phase |

- - - Reconstructed

0.05-

0.03-

0.02-

>, 0011

-0.01-

-0.02 -

-0.03-

I I I I I o= I I
0 5 10 15 20 30 35 40 45 50

25
time (s)

Figure 5.8: Evolution of y with a = 50, b = 25, and T = 50

cycle. The reconstructed trajectory, on the other hand, is very close to the true
trajectory. Notice also that the geometric phase trajectory when 7' = 50 is simply
a time-scaled version of the trajectory when 7" = 10; this is a direct reflection of
the fact that this phase is a geometric quantity.

As a point of interest, we illustrate in Figure 5.9 the trajectory in the (x,y)
coordinates of the true system, the reconstructed system, and a reconstructed
system based on the naive equations, (5.25) and (5.26). This figure clearly shows
that the trajectory determined from the naive equations is very different from the
true system and the non-abelian nature of the system cannot be ignored even in

the adiabatic limit.

5.5.5 Other loops

We now present the results of numerical simulations of two other loops in parameter

space, first a figure-eight and then a square loop.
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0.04

True evolution
- - - Reconstructed
003F e Naive

I I I I
-0.025 -0.02 -0.015 -0.01

Figure 5.9: True, reconstructed, and naive planar trajectories

Figure eight loop

Consider the loop defined by
A1(6) = acos(6), Ao = beos(f) sin(6). (5.92)

As before, set 0§ = %”t and choose a = 50, b = 25, and T" = 10. The loop
in parameter space is shown in Figure 5.10 and the evolution of the linear system
during the parameter variation is shown in Figure 5.11. We see that for 7" = 10 the
system remains close to equilibrium at all times and we thus expect the adiabatic
approximation to be a good one.

The evolution of the group variables as described by the full system, the geo-
metric phase equation, the dynamic phase equation, and the reconstructed system,
are shown in Figures 5.12, 5.13, and 5.14.

The path of the system under this loop is quite different than under the elliptical
loop. From the figures we see that at the completion of the loop, the geometric

phase is zero.
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Figure 5.10: Figure-eight loop with a = 50, b = 25
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Figure 5.11: Evolution of linear system under figure-eight loop
Rectangular loop

Consider now the following loop.

( (

day 0<t<Z 0, 0<t<g
. rei<t a1, Tsi<t
>\1: ’ )\2:
4 T T 3T T 3T
a-F(t-3), 3<t<7 b, 2 St<7
3T 4b 3T 3T

L 0, T StsT b—F (=), T <t<T
(5.93)
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5F -~ Dynamic phase |
- - Geometric phase
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Figure 5.12: Evolution of ¢ under figure-eight loop

x10°

—— True evolution
---- Dynamic phase
- - Geometric phase
200 - - - Reconstructed

. | | | v/ |
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time (s)

Figure 5.13: Evolution of  under figure-eight loop

We once again choose a = 50, b = 25, and T' = 10. The loop in parameter

space and the evolution of the linear system are shown in Figures 5.15 and 5.16

respectively.

From Figure 5.16 we see that the system once again remains close to equilib-

rium. The evolution of the full system in the group variables and of ggp, g4p, and
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Figure 5.14: Evolution of y under figure-eight loop
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Figure 5.15: Rectangular loop with @ = 50 and b = 25

the reconstructed system are shown in Figures 5.17, 5.18, 5.19.
For this loop there is a nonzero geometric phase in the group. To see this more

explicitly we show the evolution of the geometric phase in Figures 5.20, 5.21, 5.22.

Finally, as a point of interest, we consider the evolution of the system when
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35

Position and velocity

Figure 5.16: Evolution of linear system under rectangular loop
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Figure 5.17: Evolution of ¢ under rectangular loop

the adiabatic criterion is not satisfied. We expect, therefore, that the techniques
developed in this chapter will no longer be applicable. We choose the same rect-
angular loop but reduce the rate of dissipation by setting w = 10 and k£ = 20, and
increase the rate of change of the parameter by choosing 7' = 1. The evolution of

the linear system is shown in Figure 5.23.
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Figure 5.18: Evolution of x under rectangular loop
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Figure 5.19: Evolution of y under rectangular loop

The system is clearly not at equilibrium for a large portion of the cycle as
evidenced by the large values of y,. The evolution of the group variables of the
full system and of the dynamic, geometric, and reconstructed phases are shown in
Figure 5.24, 5.25, 5.26. As expected the reconstructed system is no longer a good

approximation of the true system and in fact no longer even exhibits the same
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Figure 5.20: Evolution of ¢,4, under rectangular loop
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Figure 5.21: Evolution of zg, under rectangular loop

general character.
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Figure 5.22: Evolution of y,, under rectangular loop
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Figure 5.23: Non-adiabatic variation: linear system evolution
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Figure 5.24: Non-adiabatic variation: evolution of ¢
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Figure 5.25: Non-adiabatic variation: evolution of z
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Chapter 6

Geometric phases in
nonholonomic systems with

symmetry

6.1 Introduction

In this chapter we focus on investigating the role geometric phases play in the
control of nonholonomic systems with symmetry. To do this we will use a method-
ology developed by Bloch, Krishnaprasad, Marsden, and Murray in [13] in which
the nonholonomic constraints are modeled by using an Ehresmann connection .
These systems are naturally described by a principal bundle structure in which
the group variables describe the overall position or attitude of the system and the
base space variables describe the internal configuration or “shape” of the system.
In many cases, through proper choice of feedback control laws, the shape variables
may be viewed as the controls for the system.

Among the contributions of [13] is a generalization of Noether’s theorem to
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nonholonomic systems through the use of a quantity known as the nonholonomic
momentum (for a description of Noether’s theorem see, e.g. [1]). Due to the
constraints this momentum is no longer conserved but does evolve according to a
particular equation. Using the nonholonomic momentum and a connection called
the nonholonomic connection, the evolution of the group variables can be recon-
structed from a path in the base space. The reconstruction equations contain a
drift term involving the nonholonomic momentum and a geometric term dependent
only on the path followed in the base (shape) space. Since the nonholonomic con-
nection arises naturally through a synthesis of the constraints and the mechanical
connection (which captures the momentum terms), there is no notion of adiabatic-
ity required in order to establish the existence of a geometric phase. In addition,
since the fiber over each element in the base space is identified with the group, it
makes sense to discuss not just the geometric phase (defined only for closed loops
in the base space) but the geometric shift in the group as the result of following
any path in the base.

The techniques introduced in [13] have proved to be useful in understanding a
variety of systems including the Snakeboard, a modified version of the skateboard
consisting of a two sets of independently rotating wheel pairs connected by a rigid
cross-brace [51, 69, 70] and the Roller Racer, a child’s toy patented in 1972 by
W.E. Hendricks and shown in Figure 6.1. Modeling the system as a two-node,
one-module SFE(2)—snake, the dynamics of this system have been analyzed using
the techniques of nonholonomic systems with symmetry in [47, 92]. G—snakes were
introduced in [92] to describe systems consisting of identical, linked units each of
which has a configuration space given by a copy of the Lie group G and is subject

to the same set of nonholonomic constraints.

141



Figure 6.1: The Roller Racer

Physically the Roller Racer is a particularly simple mechanical system. The
equations describing the evolution of the nonholonomic momentum and the group
variables, however, are quite complicated. Motivated by this, we will derive the
governing equations for the H(3)—Racer, the two-node, one-module G—snake on
the three-dimensional Heisenberg group. This system exhibits many of the same
properties as the Roller Racer but with significantly simpler equations describing
the evolution of the nonholonomic momentum and group dynamics.

Our desire to explore the role of geometric phases in the control of nonholonomic
mechanical systems with symmetry is motivated by various general properties of
the effect. For example, geometric phases are robust to control (actuator) noise
in the following sense. Recall that in general the geometric phase is related to the
area enclosed by a loop in the base space and thus zero mean noise in the controls
can be expected to average out as the loop is traversed. It is precisely this feature
which has led various researchers to propose the notion of holonomic quantum
computing in which geometric phase shifts are used to build universal quantum
computing gates (see, e.g., [29, 30, 71]). In addition, since the geometric phase is
dependent only on the path followed in the base space, the effect is robust to time
scaling. In this setting this means that the shapes through which the system must
be carried as the curve is traversed do not need to be achieved at precise times,

making the control of the shape an easier task.
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In the next section we present an overview of the approach to nonholonomic
systems with symmetry developed in [13]. To simplify notation, we will assume
the symmetry group is a matrix Lie group. Following this overview we use the
ideas of the dynamic phase introduced in Chapter 5 to separate the geometric and
dynamic effects of following a shape trajectory. We then develop the H(3)—Racer

and explore the the effect of shape variations on the overall dynamics.

6.2 Nonholonomic systems with symmetry

The approach developed in [13] is targeted towards systems described by a La-
grangian function L : T'() — R and subject to a set of nonholonomic constraints.

In this section we present a brief overview of the method.

6.2.1 The constraint distribution

We assume the constraints are kinematic and are described by a distribution D =
UsD, C T,Q. A curve ¢(t) € @ is said to satisfy the constraints if §(t) € Dy for
all t. In general D is a nonintegrable distribution; we say then that the constraints
are nonholonomic. The distribution is generally given as the null space of a set of
1-forms (referred to as a Pfaffian system).

In some cases the constraints are affine in nature; for example a ball on a
rotating turntable where the rotational velocity of the turntable represents the
affine part. These constraints are captured by assuming there is a given vector
field V on @ and requiring that ¢(t) — Vo(q(t)) € Dyq)-

The distribution D defines an Ehresmann connection A by declaring that D is

the horizontal subbundle for the connection. In this case the constraint equations
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can be expressed as

if the constraints are linear and

A(q) - ¢ = Alq) - Volq) (6.2)

if the constraints are affine.

6.2.2 Systems with symmetry

We now assume we are given a Lie group GG and a free and proper left action ® of
G on ). The group orbit through ¢ is denoted Orb(q) := {®,(q)|g € G}.

Since the action is free and proper, we can construct the principal fiber bundle
m:Q — M = @Q/G. The base space is referred to as the shape space. Recall that
the vertical space at the point ¢ is defined to be the kernel of the map 7,7 and in
the principal bundle setting it is given by the set of infinitesimal generators of the

group action at the point ¢, that is

kerTym = {£q(0)l€ € g} (6.3)

and thus the vertical space at ¢ is the tangent space to the group orbit through gq.
We assume that the Lagrangian and the distribution D are invariant under the

lifted action, i.e. that (T'®,)*L = L and (T;®,)D, = Dg,(q)-

6.2.3 The nonholonomic momentum

In general the tangent space to the group orbit through ¢ intersects the constraint

distribution at ¢ nontrivially. We have the following definitions.
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Definition 6.2.1 [13] The intersection of the tangent space to the group orbit
through the point ¢ € Q) and the constraint distribution at this point is denoted S,.

We let the union of these spaces over q € ) be denoted S. Thus,

S, =D, NT,(0rb(q)). (6.4)

Definition 6.2.2 [13] For each q € Q define the vector subspace g? to be the set

of Lie algebra elements in g whose infinitesimal generators evaluated at q lie in Sy:

g7 ={¢ € gléo(q) € S}

The corresponding bundle over () whose fiber at the point q is given by g? is denoted

D

g-.

Definition 6.2.3 [13] The nonholonomic momentum map J"* is the bundle
map taking TQ to the bundle (g¥)* whose fiber over the point q is the dual of the

vector space g? that is defined by

oL

< Jnhc(UQ)vg >= a(]

(€)' (6.5)

where summation over i is understood. For notational convenience we will often

write the left hand side of this equation as J™(¢).

When the momentum map is paired with a section in this way we will refer to
it simply as the momentum and write p = J"¢(&).

In the classical Noether theorem, the presence of the symmetry leads to a
momentum map whose value is constant along the trajectories of the system. The
nonholonomic momentum map may be viewed as giving the components of the

usual momentum map which lie along the symmetry directions that are consistent
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with the constraints. As a result of these constraints the momentum is no longer
conserved but rather is subject to a nontrivial equation as given by the following

theorem.

Theorem 6.2.4 [13] Assume that the Lagrangian is invariant under the lifted ac-
tion of G on TQ and that £9 is a section of the bundle gP. Then any solution
of the Lagrange d’Alembert equations for a nonholonomic system must satisfy, in

addition to the given kinematic constraints, the momentum equation:

5 0 = 5 [ 560 (66)

6.2.4 The nonholonomic connection

We now make two additional assumptions on the system. First, we assume that
there is a G—invariant metric on the configuration space, usually given by the
kinetic energy of the system. Second, we assume the constraints and the orbit
directions span the entire tangent space to the configuration space at each point
q € Q:

D, + T,(Orb(q)) = T,Q. (6.7)

This is known as the principal case. With these assumptions, the momentum
equation augments the constraints to provide a connection on @ — Q/G. To
define this connection we first need the notion of the locked inertia tensor in the

nonholonomic setting.

Definition 6.2.5 [13] The locked inertia tensor 1(¢) : g¥ — (g”)* is defined
by

<I(q)¢,n >=< £q(q),nq(q) > (6.8)

where < -, - > 1s the kinetic energy inner product.
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Define a map A*Y™ : T(Q — S by

AV (vg) = (I ()T (vy)) (6.9)

0
This map is equivariant and is a projection onto S,. Now choose U, C T,(Orb(q))
such that T,(Orb(q)) = S, ®U,. This splitting of subspaces is shown in Figure 6.2.

Let A" : T,Q — U, be a U,—valued form projecting U, onto itself and mapping

horizontal space for the
nonholonomic connection

Figure 6.2: Subspace definitions for the nonholonomic connection (From [13])

D, to zero; for example, it can be given by orthogonal projection with respect to

the kinetic energy metric. The constraints plus momentum equation can then be

written as
A™g) g = (I Y(a)p),
where p € (gP)* is the nonholonomic momentum. We have the following definition.

Definition 6.2.6 [13] In the principal case, under the assumption that the La-
grangian is of the form kinetic minus potential energies, the nonholonomic con-

nection A is the connection on the principal bundle Q — Q/G whose horizontal
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space at the point ¢ € Q) 1s given by the orthogonal complement to the space S,

within the space Dy; see Figure 6.2.

In [13] it is shown that the nonholonomic connection is a principal connection.

The overall motion of the system then satisfies

A(q)g =T""(q)J™(q). (6.10)

6.2.5 The system equations

In [13] Bloch, Krishnaprasad, Marsden, and Murray show that the equations of

motion on the reduced space and the reconstruction equations are of the form

g = 9 (—Auwc(r)r +1,.(r)p) (6.11)
p = ila(r)i -+ B(r)p+pTy(r)p, (6.12)
M(r)i = —=C(r,7)+ N(r,7,p)+T (6.13)

where g denotes the group element, p the nonholonomic momentum, and r the
shape variables. Here A, is the local form of the nonholonomic connection and
II;,. is the local form of the locked inertia tensor.

In the last equation, M (r) is the mass matrix of the system, C, the Coriolis
term, is quadratic in 7, and N is quadratic in 7 and p. The variable 7 represents
the conservative and external forces (controls) applied to the system. If we assume
the dynamics on the shape space are controllable so that arbitrary trajectories may

be followed we can replace the system on the reduced space by
7= u. (6.14)

The reconstruction process is as follows. Given an initial condition and a path

r(t) in the base space (i.e. a solution to equation (6.13)), we first integrate the
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momentum equation to determine p(t) for all time and then use r(t) and p(t) to

determine the motion in the group.

6.3 The geometric and dynamic phase

Consider the dynamical system in the group variables in a nonholonomic system
with symmetry, equation (6.11). We wish to separate the geometric effect, that
is the portion of the evolution in the group variables which depends only on the
path followed in the base space, from the time-dependent part of the evolution.

We thus define the geometric phase g4, by the equation
ggp = _ggp-Aloc(T)f‘- (615)

As discussed in the introduction to this chapter, we are interested in g4, not only
at the completion of the loop in the base space but along the loop as well.

Following the techniques developed in Section 5.3 we define the dynamic phase
by

Gap = gdpAdggp]Il_oi (r)p (6.16)

so that ¢ = gapggp- The dynamic phase defined in this way captures all of the
dynamics which are dependent on the time parametrization. It is influenced by
the reduced dynamics through both the geometric phase and through the evolution
of the nonholonomic momentum. Note that this differs from the discussion in [13]
in which the geometric and dynamic phase terms are defined infinitesimally as
(r)p respectively.

arising from the Lie algebra elements —.A;,.(r)7 and ]Il_oi
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6.4 The H(3)—Racer

The Roller Racer consists of two platforms hinged together at a point. FEach
platform has a configuration space given by SE(2) and is subject to a no-sliding
constraint. Analogously, a general Racer system is constructed as follows. One
begins with two copies of a three dimensional Lie group G. The configuration
space ) C G x G of the Racer is defined by a pair of independent holonomic
constraints (mimicking the hinge of the Roller Racer). A “no-slip” constraint is
then introduced on each copy of G by requiring that the Lie algebra elements
defining the group velocities reside in a two-dimensional subspace of the full Lie
algebra.

In the remainder of this chapter we focus on the H(3)—Racer, a two-node,
one-module G—snake on the three-dimensional Heisenberg group. This group is

the collection of matrices of the form

where a, b, and ¢ are real numbers. The associated Lie algebra is denoted g = h(3).

We choose the following basis for A(3).

01 0 00 0 00 1
A=looo]|, A=]lo0oo01], AA=|o000 |- (617
00 0 00 0 00 0

Let A’ be defined by A2(A;) = &/ so that {Ai}f: is a basis for the dual space

1

h*(3). We now construct a two-node, one module H (3)—snake as follows. Let the
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configuration of node 7 be given by

1 a; b
g=|10 1 ¢ |, =12 (6.18)
0 0 1
and define
1 as—a; by—b —a(ca— )
ga=9g1'¢2=|0 1 ¢y — c1 (6.19)
0 0 1

so that g5 is the relative configuration between the two nodes. We set

a2 = az —ay, (6.20)
b12 = b2 — bl - a1(02 - 01)7 (621)
Cila = Cy — (1. (622)

To make this system into a Racer we introduce two holonomic constraints

Fl(a12,b127012) = 0,

F2(&1275123012) = 0

such that

O(F, Fy)

— 0 Vg€ H(3
8((112,[)12) % gi12 ( )

gi2

and thus by the implicit function theorem we can solve for ais, bis in terms of ¢i».

For simplicity we choose, with an admitted abuse of notation,
19 = Fl(Clg), blg = Fz(Clg). (623)

The configuration space of the H(3)—Racer is then @Q = H(3) x R with coor-

dinates given by (aq, b1, c1, ¢12).
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6.4.1 The constraint distribution

Consider the basis for h(3) given in equation (6.17). We have the following bracket

relations
[Ala A2] = -’4-3a ["417 -’4-3] = 07 [-’427 -/43] =0.

Thus the two-dimensional subspace h = span{A;, As} generates the entire
algebra by Lie bracketing. We impose a nonholonomic constraint on each node by

restricting to the subspace h as follows. For a given £ € h(3) define

Lo =AE), & =A8), & =AY (6.24)

Then a left-invariant system on H(3) has the form

g =09& =g (&A + A+ §A3) .

To restrict to the subspace h we require that & = 0. From g = g§ we have

0 a b 0 & & +ak
00 ¢ |[=1]100 &e
000 0 0 0
and thus
fa = 4
e = 6
& = b — ac.

The nonholonomic constraints for each node are then given by

5; — i)l — a1é1 = O, (625)
f? = i)g — agég
oF: . )
= <$2 — F1) 12 + c12G1 + by — (F1 +a1)é; =0 (6.26)
12

152



where in the last expression we have used equations (6.20) - (6.22) together with
the holonomic constraints for ajs and bys in equation (6.23) to express (as, b, ¢2)

in terms of the relative configuration ci5. The constraint one-forms are then

w; = dbl — aldcl, (627)
OF:

w‘? = (KZ — F1> dClg + dbl + Clzdal — (F1 + al)dcl. (628)
12

The constraint distribution is defined by
D = Ker(w,) N Ker(w}).

The following proposition asserts that under an appropriate assumption this

distribution is two-dimensional.

Proposition 6.4.1 Assume F1(0) # 0. Then w; and wg are linearly independent

Vq € Q.

Proof If w; and wg are linearly dependent for some ¢ then there exists a k such
that kw, = w;. Then

OF:
k‘(dbl — aldcl) = (—2 — Fl) d612 + dbl + Clzdal - (Fl + al)dcl. (629)

Ociz

Rearranging we get

E:
(k — 1)db1 — (kal — F1 — al)dcl — Clgddl — (2 — Fl) dClg =0

8C12

and so we must have all the following met simultaneously

ko= 1, (6.30)
(1,1(]{3 - 1) - F1 = 0, (631)
Cl2 = O, (632)
0F;
— - = 0. 6.33
8012 ! ( )
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Combining equations (6.30), (6.31), and (6.32) we see that in order to have

linear dependence we must have F;(0) = 0. This contradicts our assumption and

therefore the one-forms are linearly independent.

The condition F;(0) # 0 is the analog of the nonzero offset condition for the

Roller Racer (see page 352 in [47]). The following proposition gives us a basis for

D

q-

Proposition 6.4.2 Assume that Fy(c12) # 0 for all c15. Then D, is spanned by

1 ay ((OF, 0 1 [ 0F; 0 0
gQ F1 (8012 1) (%1 + F1 8012 ! 801 + 66127
0 a1C12 0 C12 0
8(11 + F1 8b1 * F1 801'

Proof Let

= ay T T 00 T ey

Then if X € D, we must have

w;(X) = X9 —ajx3 =0,
OF:
w(?(X) = (80_2 — Fl) T4+ To + CloT1 — (Fl + CL1)IL’3 = 0.
12

Use equation (6.36) in equation (6.37) to get

oF:
(—2 — Fl) Ty — Fll'g + C1or = 0.

1 oF:
T3 = — {(—2 - F1> Ty +C125U1} .

Choosing x1 = 0,24 = 1 yields
1 8F2 aq 8F2
=—|=—-F == (=——-F1|.
3 F (0012 1)’ 2 Fy (8012 '
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Alternatively choosing x; = 1, 24 = 0 yields

o C12 Ty — ai1C12
3= & 2 = .
F’ F

These choices yield the following pair of tangent vectors.

Vo a (0F N0 L (0F N\ o o
gQ n F1 (8012 Fl) 8b1+F1 8012 Fl acl+3012’

0 a1C12 0 C12 0
8@1 + F1 8171 * F1 801'

5619 and fgg are clearly linearly independent for all q.

The assumption that Fi(ci2) # 0 for all ¢ requires that a;p has the same

sign for all values of cj5. This restriction is similar in spirit to the constraint on

the SE(2)—Roller Racer in which the joint angle between the two platforms is

restricted to a subset of S by the mechanism assembly.

6.4.2 Symmetry of the H(3)-Racer
Consider the following action of H(3) on Q.
P GxQ — Q

(9,(g1,¢12)) +— (991,c12)

(a7b7 ¢, (alyblachlQ)) — (al +avb1 +b+(lC1,Cl +C) 012)

(6.38)

Since H(3) is a matrix Lie group, the exponential map is simply the matrix

exponential, that is, for & € h(3),

1 gat gbt+%§a€ct2
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The infinitesimal generator of the given action corresponding to an element

€€ h(3)is
d
€Q<q) = % (I)exp(tﬁ) (Q>
t=0
1
= 7 (a1 + &t by + &t + §§afct2 + &uter, 1 + &L, c12)
t=0
= (gaa gb + éacb fca O) (639)

Recall that T,0rb(q) = {£0(q)|¢ € g}. From equation (6.39), then, we have

0o 0

T,0rb(q) = Span{ r 861}

(6.40)

From the expression for the basis of Dq in Proposition 6.4.2 and the basis for
T,0rb(g) in (6.40) we see that at any ¢ € @ we have T,QQ = D + T,01b(g). Define
S, = D, N T,0rb(q). Since this intersection is nontrivial we are in the principal
case as defined in [13]. The following proposition establishes a basis for S,.

Proposition 6.4.3 S, is given by

0 ajciy O cia 0
(9@1 + F1 abl + F1 801.

S, = Span{&h} where £ = (6.41)

Proof Let X, €S,. Then X, € D, and so

X,y = ur&h + u2d.

Similarly X, € T,0rb(q) and so

g0 0D
L R R T

Equating these two expressions, using the expressions for % from Proposition

6.4.2, and rearranging gives

0 = (UQ—Ul) 8 +<ﬂ [%—Fl} U1+a1612UQ—U2)i

8@1 6012 F1 8b1
+ i @ — Filu + u — v i +u i
8612 ! ! F 2 3 861 ! 8012 ‘
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For this equation to hold, each coefficient must be zero. The resulting set of

equations can be expressed as the following linear system

U1l 0
0 1 -1 0 0
|:8F U9 0
ai 2_Fi| aici2 0 —1 0
Filoez 71 A o =10 (6.42)
Fli-n] w0 0 o .
U2
1 0 0 0 O
Vs 0

The matrix is full rank and thus S, is one-dimensional. To satisfy the system of

equations we have

U = 07
U1 = Uy,
a; [ OF, a1C12 a1C12
= e _ F =
(%) 7 (8012 1) Uy + 7 Ug 2 U,
1 [ 0F, C12 C12
- (== _F A = 22u..
s Fy (8612 1) e Fluz F1UQ
Thus
0 a1C12 0 C12 0
X, =|— — 4y ==
1 [8@1 + F1 8()1 F1 801 2
for arbitrary us. [ ]

We note in passing that the basis element for S, is equal to the second basis
vector for Dy, that is &, = &5.
Since 522 € T,0rb(g), it is an infinitesimal generator corresponding to some

€7 € h(3). The following proposition gives us that Lie algebra element.

Proposition 6.4.4 The Lie algebra element {9 € h(3) corresponding to the in-

finitesimal generator fZ? 18

€= A, + %Ag + (“;f” - cl> As. (6.43)
1 1
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Proof Comparing equation (6.39) to equation (6.41) we have that

aiCi2 C12
q = 1 q qc = q = —.
ga ) é-b + 5@ 1 F1 ? fc Fl

]
Finally, we establish that the constraint distribution is invariant under the

group action P.

Proposition 6.4.5 The non-holonomic constraints in equations (6.25,6.26) are

invariant under the action ® given in equation (6.38).

Proof Let ¢ = (ai,b1,c1,¢12). Under the action of & we have ¢ — ¢ =

(dl, 61, (_31, 512) Wlth

a, = a;+a, ay = a,
bl = b1 + b+ acy, bl = b1 + aél,
=
&1 = ¢ +ec, = a,
Cl2 = Ci2, ) Ciz2 = Ci2.

Using these in the first constraint, equation (6.25), we have
61 — C_Llé_l = 61 + CLél — (CL1 + a)él = 61 - alc'l.
From the second constraint, equation (6.26), we have

—_— — F1(012)) Cia + by + @1C1o — (F1(¢12) + @1)é1

8012
OF ,
= (% — F1(012)> C12 + by + aéy + arcin — (Fi(e2) + a1 + a)éy
12
oF: .
= (% — F1(012)) élg + bl + a1612 — (F1(012) + al)él-
12
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6.4.3 An invariant inner product on 7;()

We will define a Lagrangian on 7T'Q) which is invariant under the group action @
by first defining an invariant metric. Given the basis for h(3) in equation (6.17),
an element £ € h(3) may be expressed as § = &A1 + oA + &A3. We can then
identify & with the triple (&4, &, &.) and in the following we will denote both the
matrix form and the triple as £ with the meaning of the notation clear from the
context.

Consider now a left-invariant system on H(3) defined by ¢ = g€ and assume
there is a symmetric, positive definite inner product on h(3) given by K : h(3) x

h(3) — R where

K(&1,6) = K&

with K a positive definite, symmetric 3 x 3 matrix. Here T denotes transpose. We

then define a left-invariant inner product, M, on TH(3) by

M, (vi,v9) = K(g v, g7 vg), w100 € T,H(3).

Define an inner product on 7'Q), the tangent bundle of the H(3)—Racer, as
follows. First consider two copies of H(3) and let Ky, Ky be inner products on
each copy of the Lie algebra h(3) respectively. Define an inner product, M , on
T(H(3) x H(3)) by

M91792((U17 UQ)J (ula u2)) - K1<gf11}1, gflul) + K2(951U27 g;1U2)

where vy,u1 € Ty, H(3) and ve,us € T,,H(3). Consider now v € T, given by

v = (v, 0" v v42). Define

_ a1 ,b1 ,.c1
vg, = (VU0
_ OF c12 OF, c12 ,cl12
Vg, = | 7—0", —0v" v
8612 8612
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where in the second equation we have used the holonomic constraints in equation

(6.23). Solving equation (6.19) for g, yields go = g1g12 and thus

g2 = G112 + G1912-

We can now define an inner product on 7,Q) by

My(vi,v2) = K1(91_1U1g1,91_10291)
+K2(91_2191_1[Ulg1 g12 + g1va,, |, 91_2191_1[11291912 + g1v2,,,])
= Ki(gi v, 91 v2,)

+K2(Adgl—21 g7 "o, + 01,905 ), Adg g1 "va,, + V3,915 ])- (6.44)
We have the following proposition.

Proposition 6.4.6 M is invariant under the action ®, defined in equation (6.38).

Proof

Mo, () (T, @401, T, Pgva) = Ki((g91) gvr,,, (991) " gua,,)
+K2(Ad 1 [(991) " g, + o, 912 ] A1 [(991) T gvs,, 02y, 01 ])
= Ki(g; v, 91 0,
+Ko(Ad, (g v, 1,00 ], Ad g v, + v, 010])

= Ml(Ul,U2>.

]
A simple but lengthy calculation shows that the inner product may be expressed
as (for vy, vy € T,Q)

M, (v1,v9) = v{ M(q)vy (6.45)
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where M (q) is a symmetric, positive definite 4 x 4 matrix defined by

mll = (klll + k211 + C%2k222 + 2612k212) y
mos = (kiy, + koo, ) s

ms33 = (a%klm + k133 - 2a1k123 + (Fl + a1)2k222 + k233 - 2<F1 + al)k223> )

_ ([oR? OFy ’ OFy [OF,
o qa—] b+ o = B8] s+ 250 [ 55 < 1

0F; 0Fy
2—k 2|——Fi| k
+ 6012 212 + |:8C12 1:| 223) ’

mia = (ki + c12ko,, + Koy, ),

miz = (ki — atky, — 2 [F1 + a1] koyy, — [F1 4 a1 ko, + Koy + C12ko,, )

OF OF: OF.
miy = <?1k211 + C12 |:—2 — FJ| k’222 -+ l—Q - F1:| /{3212

8012

OF;
+012a—1/€212 + koyy + 012k223) )
C12

Ma3 = (klzs - a’lkln - [Fl + a’l]k222 + k223> )

OF: OF;
Moy = (|:—2 - F1:| k222 + —1k212 + k?zg) )

8612 aCl2
oF: oF
M3y = <k233 - {8?122 a Fl} [Fl + al] Koy, — — [Fl + al] Koy,

Ocyo

0F,

K =2
+(9012 s + |:8012

— 2F1 — CL1:| ]{?223)

where k;,; is the i element of the matrix K.

6.4.4 A Lagrangian and the Lagrange-D’Alembert equa-

tions of motion

Given the inner product on 7, in equation (6.44), we take as a Lagrangian the

function L : T() — R defined by

L(q, q) = %Mq(cL q)- (6.46)
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The explicit form of this function depends on the holonomic constraints in
equation (6.23) and the inner products defined by K;, Ks. For simplicity, in the

remainder of this chapter we take
K1 = K2 = k?]I, Fl(Clg) = ll, F2(612> = l2 (647)

for some positive constants k,ly,ly. The Lagrangian in equation (6.46) is then

given by

L(g,q) = 3 [(2 +c1y)a + 207 + (2 + af + [y + a1]?)é? + (1 +13)éy + 2c10a1by

—2012(l1 + al)dlc'l — 2012[1&1&12 — 2([1 + 2&1)61&1 — 2[161&12

+2(1 4+ Ll + a])érérn) - (6.48)

To derive the equations of motion we use the Lagrange-D’Alembert principle

for constrained systems (see, e.g. [15] or [102]) which in this setting states that

d OL OL
%a—q(q,v)—a—q(q,v) U= U (6.49)

for v,u € D, C T,(). Here u is an arbitrary test tangent vector satisfying the

constraints and « is a vector of one-forms representing the applied forces.

Proposition 6.4.7 The Lagrange-D’Alembert equations of motion for the
H(3)—Racer are

0%2 .. C12.. C12. . a1y
2k |:1 + —2:| a; — k’—Clg + 2k’—2(11612 = o1+ a9 + 612110./3 (650)
12 I E I
—2k k
I ‘12 dl + 2k512 — 2l—a1é12 = (04 — Q109 — Q3 (651)
1 1

together with the constraint equations in (6.25) and (6.26).
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Proof From equation (6.48) we have

k[(2 + c2y)an + ciaby — cra(ly + a1)én — craliéig]
k[le + Clgdl — (ll + 2&1)&1 — llélg]

oL
a_q. = /{Z[(Q -+ CL% + [ll + a1]2)c'1 — Clg(ll + al)dl (652)

—(L + 26L1)i?1 + (1 + Ll + a1])éro]

k[(l + l%)clg — Clzlldl — lli)l -+ (1 + ll[ll + al])c'l]
and
k [(ll + 2@1)0% — Clgdlél — 2()1&1 -+ llélélg]

oL 0

i 6.53
. O (6.5

k [Clﬂf + by — (I 4+ a1)ané — l1d1c‘12}

Inserting these into equation (6.49) we have

k(24 cfy)0a, + croty, — c1a(ls 4 a1)be, — l1C1200,, — C120a, Uy
+2C19V0, Veyy + Vb Veyy — (I + 1)V, Veyy — 07, — (I + 2a1)07,
+C12Va, Vey + 20p, Ve, — 110¢, Veyy ] Ug,

+k [c1900, + 205, — (I1 + 2a1)00; — [10ey, — 204, Ve; + Vay Veyy| Upy

+k [—cia(l + a1)ba, — (I + 2a1) 0y, + (2 + af + [l + a1]?) e,
H(1+ L[l + a1])0ey, — 200,08, 4 2(11 + 201)Va, Ve, — A1Va, Veyy
—C120] ] ey

+k [—l1€12i)a1 — b0y, + (L + 4[4+ ar])de, + (1 + l%)ijclg + [1Vg, Ve,
—11 Vg, Veyy — clgvgl — Vg, Up, + (Il 4 1)V, e, + llvalvm] Ueyy

= QqlUq, + Qolp, + A3, + Qe . (6.54)

Since v and u lie in D, they must satisfy the nonholonomic constraints in
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equations (6.25) and (6.26). Therefore
Vp, = A1Vcy CraVay = l1(Ve, + Vey)
and
Up, = A1Ue C1oUgy = 1 (Uey + Ueyy ).
Differentiating the nonholonomic constraints on v yields
Vpy = 10, + Vay Vey, C120a; + VayVeyy = 11 (0e; + Uy )-

Inserting these constraint equations into equation (6.54) and simplifying yields

a1C12 C12
(Ozl + ] oo + Z—Oég Uqy + (CY4 — 109 — 043)U612
1 1

c? . C1o . c
= kug, {(2 + 2%) Vgy — %fvm + Z%UQIUCD}
1 1

C12 . ) 1
l_vth = Veyy + 7 Va1 Veyo | -
1

—2ku,
U 12 |: ll

Since u is arbitrary, the Lagrange-D’Alembert equations of motion are

. C12.. Cla . . aic c
2k |:1 + %:| a; — ]{72012 + 21{5%(11612 = o+ 1712 g + 20437
i l l5 I I
—2k
I = a1 + 2kéo — 21—d1é12 = 4 — 10 — Q3.
1 1

]

These equations do not easily yield insight in the behavior of the H(3)—Racer.
The purpose of the method developed in [13] is to separate these dynamics into
the shape dynamics, the nonholonomic momentum, and the group dynamics and
in this way to understand the effect of shape changes on the group dynamics. In

the following sections we carry out this approach for the H(3)—Racer.

164



6.4.5 The nonholonomic momentum

Recall the definition of the nonholonomic momentum in equation (6.5). Inserting

equations (6.52) and (6.41) into (6.5) and simplifying we have

2
p=k [2(11 + _lcm ¢+ %Cﬁz} - (6.55)
1 1

Using the nonholonomic constraints in equations (6.25) and (6.26) together
with the particular forms of the holonomic constraints from equation (6.47), p can

be rewritten as

l2 2
p::2k{<ié%f¥)(h-—§%¢u]. (6.56)
1

To reconstruct the dynamics in the group from a path in the shape space, we

need the momentum expressed purely as a function of the shape variable ¢q5. This

is determined by the momentum equation. We have the following proposition.

Proposition 6.4.8 The momentum equation for the H(3)— Racer is

p:{sz_ﬂqw_lTjﬁ_iﬁ? (6.57)

l% + C%z l% + C%Q)

Proof From the form of £7 in equation (6.43) and the particular choice for the

holonomic constraints in equation (6.47) we have

0
|:i€q:| _ d1612l-‘;a1é12 o C'l
dt 0 é1a

I

0

where we have used the form of the infinitesimal generator in equation (6.39).

Using the above in the general momentum equation, (6.6), we have

i

. _ 9L 1d
b —éW[ﬁ@ ﬂ

Q
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2 : 2,
= k {%albl — b1C12 — 2b1C1 + - l — 2012G1C12 — 2012a101 -2 I
1 1 1

aiCia . .
a1,

1 1
+2 (l + ll + al) élélg + (ll + 2@1)01 (l + ll) 012:| .
1 1

Using the nonholonomic constraints, equations (6.25) and (6.26), this can be

simplified to

: 2c2. . 1.

Solving equation (6.56) for a; and inserting the result into the previous equation

yields

) 2¢12C12 ( B3p lic12¢12 ) 1., ]
= k + — —c
P { B \%B ) 2Brdy)) L2

Sy SR M
(l% + 0%2) = (l% + 0%2) 2

The following proposition gives the solution to the momentum equation.

Proposition 6.4.9 The solution to the momentum equation s

l§+c§2(t)] 2
t) = | a2 | p(to) — kli\/ 12 + 3 / 12l B A 6.58
o) [Z%"‘C%z(t()) o) ~ K/l + et z2+cl2 TR

Proof The momentum equation in (6.57) is a scalar, linear, time-varying ordinary
differential equation and thus the general solution is given by the variation of

constants formula

pl0) = 0(t.topltn) — [ 0t7) BTy

to (l% + C%Q(T))
where the transition matrix satisfies

d

C12 (t)élg (t)
520 t) = {

@+ c%2<t>>] 2{t:to).
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Solving this equation for ¢ yields

t . clg(t)

ci2(t)éra(t) ) / c12
Ot 1) = S N A 2 _dep |
(t,fo) = exp (/ (2 + (1)) PN o B3

The integral in the exponential evaluates to

c12(t) 1 c12(t) 124 2 (t 3
/ 2 = s~dciz = - In(l + i) = In [ 21 il 6212( ) ]
ci2(to) (If +cty) 2 ) I§ + ciy(to)

and therefore

c12(to

e I3 + cfy(to)

The form of p(t) in equation (6.58) then follows. [

From this proposition we have the following corollary.

Corollary 6.4.10 Assume Iy > 0. If p(to) < 0 then p(t) <0 for allt > t,.

6.4.6 The reduced Euler-Lagrange equations

In general, the equations of motion for the reduced system (the shape dynamics
together with the nonholonomic momentum equation) are determined through
Lagrangian reduction (see [13]). Here we obtain the reduced shape equations
by directly manipulating the overall Lagrange-D’Alembert equations of motion in

(6.50) and (6.51).

Proposition 6.4.11 Assume there are no applied forces in the group directions.

Then the equation of motion for the shape variable ci5 is given by

iy = 1{pcaz } { 20fc12éty } { (3 + cty)
k(213 + 313c3, + ¢iy) (203 + 312¢2, + cty) k(212 + ¢3,)

] as. (6.59)
Proof Rearranging equations (6.50) and (6.51) yields

. lyc19 . C12 . Li(lhog + arcr20n + craas)
a, = 2(7 C12 — a1C12 + )

l% + 0%2) Z% + 0%2 Qk(l% + C%Q)
. C12.. n 1. . n 1 ( )
¢ = —q —aq¢ — (g — a1 — Q3).
12 L 1 i 1612+ 5 102 3
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Inserting the first of these into the second and simplifying we find

_— 20 . (licioar — (a1 + a3) + (I3 + ¢3y) )
C12 = |55 5 | @1C12 2 2 :
207 + ciy k(202 + 35)

Solving equation (6.56) for a; and using the resulting expression in the above

equation yields

. { 5 } o { 213 cr } 2
C = C C
” R+ 383, + cly) | VT 2 1383, + o) | 2
—I— (11012041 — l%(alag + Oég) + (Z% + 0%2)&4)
k(213 + c3,) '

Assuming there are no applied forces in the group directions, we set a; = ay =
a3 = 0. This yields equation (6.59). u
We now introduce a static state feedback linearizing control law for the reduced

dynamics.

Proposition 6.4.12 Under the control law

ay = |:]€(2l% + C%Q):| |: _ lfpclg _ 2[%C120€2 :| (660)
(13 4 2,) k(21F + 3l3cty) 213 + 3122, + ¢ty

the reduced dynamics has the form

S (6.61)
p = [%} C1ap — [(L} &2, (6.62)

I+ ey lf+ ca)
Proof The momentum equation was found previously in Proposition 6.4.8. The
form of the shape dynamics is immediate upon inserting the control law of equation
(6.60) into equation (6.59). =
From equation (6.61) we see that so long as the nonholonomic momentum can

be measured, the shape is fully controllable.
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6.4.7 The nonholonomic connection and reconstruction

Let 'H, be the orthogonal complement to S, in D, with respect to the metric M
defined in equation (6.44). From Definition 6.2.6, H, is the horizontal space for
the nonholonomic connection. The following propositions describe this connection

for the H(3)—Racer.

Proposition 6.4.13 The space H, is given by

0 {2a1l%+@1032} 0 [2l%+0%2] 0 +[2(l%+052)] d }

da; by de dc1a
(6.63)

licia licia licia

H, = span {
Proof Since dim(D,) = 2, dim(S,) = 1, and D, = S, & H,, we have that
dim(H,) = 1. Let £}, € Hy C D,. Since &, is in Dy we can write £, = u1€y +u2p.

Using the expressions for 5612, 522 from Proposition (6.4.2) we have

0 ac 0 c 0 0
é_}]{ _ U,QT i [ 1 12U2 —CL1U1:| — + |:£Ug —U1:| a—CI +U18?12 (664)

Since H, is the orthogonal complement to S;, £§, must be orthogonal to every

element of S, and therefore we must have M,(&f;,£5) = 0. This yields

0 = K2+ u + 2k {mcuuz B alul} [CL11012:|
1

+k(2+ai + (b + a1)?) {%Uz - Ul} {%] + kcig {2%;12 Uy — aﬂh}
1 1 1

—k(li + ar)ern {2%1@ - U1} — klyciouy — 2k(lh + 2a4) {%ul - ul} a1l012
1 ) )
_kllalcuul + k(14 4L + al))%uy
1 1

This expression simplifies to

208 + 1)
= [ licia 2
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and therefore

. 0 (alit+act,) 0 (204, O
L 0@1 l1612 861 llclg 001

+<2(zf+c§2)) 9 ]uz.
licia Ocyz

From this equation (6.63) follows. |

Using the definition of the horizontal space for a connection, we can write down

the corresponding connection form.

Proposition 6.4.14 The h(3)—valued one-form, A, for the nonholonomic con-

nection 1s

lic 202 + ¢
A == |:da1 (l21—12)d012:| Al + |:d01 + (12—12)d612:| ./42

Z1C1€12 2116L1 + 611C12
+ dbl — cldal + (
[ 2(8 + ) 2( + cfy)

Proof  Given the basis for h(3) in equation (6.17), A has the general form

) d012:| As. (6.65)

A = BiAL + B Ay + B3 Az where 3; € TrQ. Since A is a principal connection
it must map infinitesimal generators to the corresponding Lie algebra elements.

Thus, given £ € h(3), we have
EaAr + A+ G A3 = A(&g)
= A (gai + [& + Lacr] - (%1 +Hen )
- 5 (faa [gb + gacl + gc )
0

A
0
+ﬁ2 (ga da [fb + gacl abl + fc )

1

1

+033 (faa + [& + §a01] 0 + fc ) As.(6.66)

Let (day,dby,dcy,dcyz) be the basis for T/Q dual to (aa ,8(21,821, 80812) Any

one-form 3 € T;() may then be expressed as

/6 = ﬁaldal + /Bbldbl + /BCIdCl + 5612d612

170



for Bay, Boys Beys Bey, € IR. Using this form for each (3; and equating coefficients of

each A; on each side of equation (6.66) leads to the following three equations.

Brara + Bin, [§p + Eact] + Bieée = &
ﬁ2a1£a + 52b1 [gb + facl] + 520150 = 507
B3a,€a + B3, [§p + Eact] + B3, ée = &

and therefore

B = day +mdca,
B2 = dcy + yedcr,
B3 = dby — ciday + y3derz
where the ~; are yet to be determined. To find them, recall that by definition of

the horizontal space for a connection, A(X) = 0 for every X in H,. Letting A act

on the basis tangent vector for H, in equation (6.63) yields

23 + &) 202 + 3 203 + c3y)
0 = 11 A 4l 12 1 12) | 4
[ T licia vt licia T licia ?
2ia1 + yaq 2013 + 2y)
Bt St BLLG © bl S NS L 2 |
* [ licia atm licia ’
and thus
by = o hoe
' Q(Z% + 0%2)7
20 + cfy)’
liciz 213a1 + ay1¢3,
— — | C + —
3 2([% —+ C%2> ! 11012
and from this the connection form in equation (6.65) follows. N

It is often useful to express the connection in its local form as in the following

proposition.
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Proposition 6.4.15 The local form of the principal connection A is given by

2l% + 0%2

licia
Aoc = |~ 719 . 9\
el2) [2 20+ )

@+%W4Aﬁ[

d012:| .AQ. (667)

Proof Recall that the local form of a connection is defined by A;,. = 0* A where

o is an arbitrary section of the total space. Let o(c12) = (0,0,0,¢12). Then

Aioc(Cr2)12 = (07 A) (c12)c12
= A(o(c12)) (Te,,0) 12

_ hep 20 +cfy
‘{2w+%P4A+L@+@ﬂ2&‘

Recall from equation (6.10) that the system satisfies

A(q)g =T""(q)J"(q)

where II is the locked inertia tensor (Definition 6.2.5). We now establish the form

of the nonholonomic momentum map.

Lemma 6.4.16 The nonholonomic momentum map has the form

pieg) = P () (6.69

k(l% + C%z)

where p is the nonholonomic momentum.

Proof Let (£9)* denote the basis for (g7)* dual to £7. By definition, J™** maps
TQ to (gP)*. Therefore J"¢(§) € (g?)* and it may be written as 3(£9)* for some

A. Letting J™¢(q) act on €9 yields
<T@, €7 >= B < (€€ >= 5

since (£9)* is dual to £7. The left hand side of this is the definition of the nonholo-

nomic momentum p and so 5 = p.
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Consider now the locked inertia tensor, I : g? — (gP)*. This is a one-to-one
and onto map and therefore II(¢)(£9) is also basis for (g¢)*. Thus (£9)* = all(¢)(£9)

for some «. Then

1 =< (€)%, >=< all(q)(£7), &' >= aM(q)(}, &%) = a (M)

i
where the last step follows from the form of M (q) with the particular choices for
K, Ky, Fi(c12), and Fy(c12) in equation (6.47) and the form of 5(? in equation

(6.41). Thus

(€)= 51

WH(Q)(§Q)~

From this the lemma follows. ]

With this lemma we can determine the reconstruction equations.

Proposition 6.4.17 The reconstruction equations for the group variables are

g1 =0 (—Aloc(C12)é12 + Hfoi(Cm)p) (6.69)

where Ajo. is given in equation (6.67) and 1)} is given by

l% licia
At s ey

I =

. 6.70
T W+ ) A (010

Proof Starting from equation (6.10) we have

I '(q)J" () = Alg)q

= Ady, (¢7"9 + Awc(cr2)ér2)

where the last step follows from the definition of the local form of a connection.

From this we have

91 =0 <_Aloc(012)él2 + Adgl—1]:[71(q)(]nhc(q)> )
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Using Lemma 6.4.16 we have

12
Ad AT Y ()T () = — 20 Ad T 'I(g)¢"
I @) = g Ad, I )¢
_ pl% —1¢q
— Qk(l%‘f‘C%z)gl ggl

B pl} 2
T %G+ &) (“41 7 “42)

where the last step follows from the form of ¢; in equation (6.18) and the form of £¢

in equation (6.43). Define II; !

e 88 in equation (6.70). The reconstruction equations

in (6.69) then follow. |

Corollary 6.4.18 The reconstruction equations may also be expressed as

. [ l% 1 [ licia ] .
_2/5([% + 0%2)_ _2(1% + 6%2)

. [ l1a1012 ] _a1(2lf + 0%2):| .

bh = |==——=|P— | =5—| C12, (6.72)
_2/{5([% + 0%2)_ L 2@% + 0%2)

) [ licia | [ QZ% + C%Q ] .

1 = |55 |P— | =5~ C12 (6~73>
_Qk(l% + 0%2)_ _2(1% + 0%2)

6.4.8 Controllability of the H(3)—Racer

In this section we consider the controllability of the H(3)—Racer. We consider sep-
arately the reduced dynamics, that is the dynamics of the shape variable together
with the nonholonomic momentum, and the full dynamics, that is the reduced
dynamics together with the reconstruction equations. In each case we can express

the system as an affine control system of the form

m

i=f2)+ ) g2 (6.74)

j=1
where z € M™, a manifold of dimension n. We begin with a few definitions for

systems of this type.
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Definition 6.4.19 [65] The reachable set from a point zy at time T is given by
RY (2, T) = {z € M|3u:[0,T] — U such that z(t) € V,2(0) = 20, 2(T) = z}

where U is the set of admissible inputs and V' is a neighborhood of z.
Denote the set of all points reachable from zy within time T by R¥%(zy). That
18

RY(z0) = | RV (20, ).

t<T

Definition 6.4.20 [65] The system (6.74) is locally accessible from z, if for
any neighborhood V' of 2y and for all T > 0, RY.(z) contains a non-empty open set
and locally accessible if it is locally accessible from every z € M. It is locally
strongly accessible from 2z, if for any neighborhood V' of zy and for any T
sufficiently small, RV (29, T) contains a non-empty open set and locally strongly

accessible if it is locally strongly accessible from every z € M. [

Definition 6.4.21 [65] The accessibility algebra, C, is the smallest subalgebra
of X(M), the Lie algebra of smooth vector fields on M, containing f, g1, -+, gm-

The accessibility distribution is C' 2 span{X|X € C}. m

Definition 6.4.22 [65] The strong accessibility algebra, Cy is the smallest
subalgebra of X (M) containing g1, - - -, gm which is invariant under the drift vector
field f, i.e. [f,X] € Co VX € Cy. The strong accessibility distribution is
o= span{X|X € Cy}. n

The following theorem establishes the local (strong) accessibility of a system

under an assumption known as the rank condition.
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Theorem 6.4.23 [65] If dim(C(z9)) = n then the system is locally accessible at

20. If dim(Cy(z0)) = n then the system is locally strongly accessible at zg. n

For systems with non-zero drift, accessibility does not imply controllability. We

have the following definition and theorem due to Sussman.

Definition 6.4.24 [87] The system (6.74) is said to be small time locally con-
trollable (STLC) from 2, if for any T > 0, 2o is an interior point of RY.(2),

.e. an entire neighborhood of zy is reachable for arbitrarily small time. [

Proposition 6.4.25 [86] Consider system (6.74) with m = 1, i.e. with a single
input. Assume that |u| < 1, f(z9) = 0, and g(z0) # 0 for some zo € M. If
l9, 19, fl](20) does not belong to span{ad?g(zo),j =0,1,---} then the system is not
STLC from zy. [ ]

Finally, from [65], we have the following theorem about static feedback lineariz-

ability.

Theorem 6.4.26 [65] Consider system (6.74). Assume that the strong accessibil-
ity rank condition holds at zo. This system is static feedback linearizable if and

only if the distributions D, ---, D, defined by
Dy(z) = span{adigi(2), -+, adigm(2)|[r = 0,1,--- bk =1}, k=12,

are all involutive and constant dimensional in a neighborhood of zg.
Assume further that this is a single-input system. Then the system 1is static
feedback linearizable around zo if and only if dim(D,(z0)) = n and D, _; is invo-

lutive around zy. n
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We now turn to the controllability of the reduced dynamics, given by the mo-
mentum equation in (6.57) and the shape dynamics. Using the feedback control

law in equation (6.60) we have that the reduced system is
Ci2 =

- [l [l
(l% + 0%2) = (l% + 0%2) 2

Let z = (p, ¢12, ¢12) and define

peroéro—klié2
W 0
A A
0 1
Then the reduced dynamics can be expressed as
z=f(2)+g(2)u. (6.76)
The equilibria of this system are given by z. = (pe,ci2,,0) for any p.,cia,.

The following proposition establishes the accessibility properties for the reduced

system.

Proposition 6.4.27 The reduced dynamics, system (6.76), are locally accessible

and locally strongly accessible from any equilibrium point.

Proof Consider the following brackets

pci2—2kl1¢12 DeCl2e
Z%JFC% l%*%%
[f,gl(ze) = 1 = 1 ,
0 0
Ze
—2klq —2klq
1%4‘0%2 l%‘*‘C%Qe
[[f. 9], 9(ze) = 0 = 0
0 0
Ze
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Then dim(span{g(z.), [f, 9](ze), [[f, 9], 9](ze)}) = 3. This set of vector fields is
in both C and Cy and therefore, from Theorem 6.4.23, the reduced system is both
locally accessible and locally strongly accessible from the equilibrium points. m

The following two propositions establish that the reduced dynamics are neither

STLC nor static feedback linearizable around the equilibrium points.

Proposition 6.4.28 The reduced dynamics, system (6.76), are not STLC from

any equilibrium point.

Proof We have that

—3klyic126?
NCE=NER 0
(ad}g)(z) = 0 =l o
0 0

Similarly it can be shown that (adi;g)(ze) = 0. Thus

Span{ad?‘g(ze)vj = 07 17 o } = span{g(ze), [fa g](Ze)}.

From the form of [[f, ¢],g] (in the proof of Proposition 6.4.27) we have that
I[f, g],9](ze) & span{g(z.),[f,g](z)}. From Proposition 6.4.25, then, the system

is not STLC from any equilibrium point. n

Proposition 6.4.29 The reduced dynamics are not static state feedback lineariz-

able at the equilibrium points.

Proof We have that

Dy, = span{g, [f, 9], [, [f, ]I} = span{g, [f, g1}- (6.77)

Since dim(D,,) = 2 and the strong accessibility condition holds, the result is im-

mediate from Theorem 6.4.26. m
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We now consider the full dynamics given by the reduced system together with

the reconstruction equations in (6.71-6.73). Define x = (aq, by, c1, p, €12, ¢12) and

let
Bp+klicizérn 0
2k(12+c32,)
liaipera—k(212+c2,)a1é12 0
2k(12+c3,)
l1pc12—k(2l%+6%2)é12 0
2k(13+c2
f(z) = (rrer) o gle) = : (6.78)
pciaci2—kl1é2, 0
13 +ciy
C12 0
0 1

The system is then given by © = f(x) 4+ g(z)u and the equilibria are z, =
(ay,,b1,,c1,,0,c12,,0). The following propositions establish the accessibility and

the lack of STLC for the full system.

Proposition 6.4.30 The full dynamics are locally accessible and locally strongly

accessible from the equilibrium points.

Proof Consider the following brackets (calculated using Mathematica) at the

equilibrium points.

c12.l1
2(0%26‘¥l%) 0
_ ale (C%Qe+2l%) O
2(0%26‘*1%)
cto, 203 0
302 p)
Fala=| TR ()] ) = ,
2kl
0 Fop 7
1 0
0 0
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i
(0%25 ‘H%)Q
a1eclgel%
(Cféel%)Q

Clgel%

(C%QE +7)?

0

[[Lf, 9] /1, 9] ()

0

0

c1gel?
(0%26 ‘H%)S

l?(C%QE +11 (ale —|—ll))
(0%26 ‘H%)S

l4

.90, gl @)= | @it
0

0

0

2ci,, 1§17
(c§2€—%l%)4
3er2. 13 (e +11 (2a1,+1))
- 2(0%26‘%1%)4

1,91 71, [F. 60 [0F. 6] ) (22) QG

(C%Qe‘%l%)4

0

0

0

Form a 6 x 6 matrix whose columns are the above vector fields together with

g(x.). This matrix can be shown to have rank six and therefore the vector fields
are linearly independent. Thus

dim(span{g(z.), [f, gl(ze), [[f; 9, 9l(xe), [[If, 9, f1, gl (ze),
[ULf, 91, 9), IS, gb, F1)(e), LIILS 5 gb 1, LF, ), [Lf 5 gl 9l)(e) }) = 6
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These vector fields are in both C and Cy and thus from Theorem 6.4.23 the sys-
tem is both locally accessible and locally strongly accessible from the equilibrium

points. [ |
Proposition 6.4.31 The full dynamics are not STLC.

Proof Immediate from Proposition 6.4.28. n
Proposition 6.4.32 The full dynamics are not static feedback linearizable.

Proof  Consider the distribution D,(z.) = span{ad}(g)(z.)[r = 0,1,---,5}.
Using Mathematica we calculate that ad’(g)(w.) = 0, r = 2,3,4,5. Therefore
dim(D,(z.)) = 2 and by Theorem 6.4.26 the system is not static feedback lin-
earizable. ]

These same properties, namely that both the reduced dynamics and the full
dynamics are locally accessible and locally strongly accessible without being STLC

or static feedback linearizable, are shared with the Roller Racer (see Section 5 of

[47]).

6.4.9 The geometric phase

From equations (6.15) and (6.67), the geometric phase for the H(3)—Racer is

defined by
—llclg 21% + C%Z

9ap = —9op | 575 3~ C12A1 + o5 5 Cr2Aa | (6.79)
” TL2B + cty) 2( + cf)

In the following we calculate the geometric phase equations explicitly using
the Wei-Norman product of exponentials representation. We have the following

proposition from [92].
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Proposition 6.4.33 [92] Consider a left-invariant system on H(3) given by

g=gl&A + LA + EA3]

Then g € H(3) has a global Wei-Norman representation given by

I v My -+

g = 6’71A1 672“42673“43 — 0 1 Yo (680)

0 0 1

where the Wei-Norman parameters satisfy

T I 00 &1
Y2 = 0 10 S
Y3 -7 0 1 &3

These equations are solvable by quadrature:

n(t) = 71(0)+/0t§1(7)dr, (6.81)
72(t) = 1(0) + /0 & ()dr, (6.82)

() = s(0) - / ro(7)Er(P)dr + / &4(r)dr. (6.83)

By left-invariance we may assume that the initial condition in the group is
g(0) = 1. In this case the initial conditions for the Wei-Norman parameters are
given by 71(0) = 72(0) = ~3(0) = 0. From equation (6.79) we have that for the
geometric phase equation

(207 + c15) ¢

£ = l1c12¢12
1 — 9
2(1% + 1)

2Erd) 2T

& = 0. (6.84)

Applying Proposition 6.4.33 yields the following.
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Proposition 6.4.34 Given a curve c15(t) starting at ¢12(0) and an initial condi-
tion in the group given by g(0) = 1, the Wei-Norman parameters for the geometric

phase of the H(3)— Racer are given by

l 2+ 3t
o) = T ().

1§ + c15(0)
P(t) = —% |:C12<t) —c12(0) + 1 <arctan {612@)} _ arctan [Culfo)] )} 7
() = _% {612(75) —c2(0) + 14 <arctan [C%l(t)} — arctan [ﬁj_f@})

73 (o0 tren |53 ) n (5226
(it [ 250 1y [ [ 2200, [0

ll l% l1 l%

c12(t ln [%}
—? / — 1 deyy
C12

o B+

—_

_|_

N |

Proof Consider first 7;. From equations (6.81) and (6.84) we have

t .
l1612<7'>012<7'>
7n(t) = / ——— LT
' o 2(1 + cfy(7))
o[ L, (B4
S / 2 ey =2 (;Lf()) (6.85)
2 Jep0) i+ cio 4 I§ + ci5(0)
which is the form of +; in the Proposition. For 5 we begin with equations (6.82)
and (6.84). We have

o = [ R, 0 e,
o 2(B +cia(r)) en0) 2(1F + cty)

- _|p e12(t) dera + 1 a2t 0%2 de
- 1 24 2 9 2 1 2 12
c12(0) ‘1 T C12 c12(0) ‘1 T C12

Solving the first integral in equation (6.86) yields

(6.86)

c12 (t)

/612(t) deio 1 /Cm(t) deys 1 . (612 )
— — = — arctan
c12(0) l% + 6%2 l2 a200) 1 4 (Cw)Q h h c12(0)

= o (220 e (S0)] o
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The second integral is given by

c12(t) c2 c
/ 7 12 5dciy = c1p — [yarctan (%)
c12(0) ‘1 + €12 1 c12(0)

= epalt) —en(0) =y [arctan (Clz(t)) — arctan (01750))] . (6.88)

Clg(t)

Inserting equations (6.87) and (6.88) into equation (6.86) yields the form of o
in the Proposition. Finally equations (6.83) and (6.84), and the solution for ~y,(t)

we have

1 /t lic1a(T)é12(T)

0= 75 ), @y ) ) el

o 2] [T

1 /cm(t) licia
= —= —————— [c12 — ¢12(0)
2 c12(0) 2(1% + 0%2) [

+1; | arctan 2 — arctan c12(0) dcyo
Iy Iy
l c12(t) 2

= ——1 / 5 6122 dClg

4 | Jep0) 1+ ¢ty

c12(0) / @20 oy
— 0)+1 t ——d
<Cl2( ) harctan |: hL :|> c12(0) l% + C%Q 2

€1

c12(t) €19 arctan [l—f}
+l1/ d012 . (689)

12(0) I} +ciy

The first of these integrals is given by equation (6.88) and the second by equa-

tion (6.85). The third integral is expanded using integration by parts.

c12(t) €1 arctan (Cll—g> 1 12 2
/ - dcip = —arctan ci2 In chu
c 2 Iy l3

12(0) I+ ciy

c12 (t)

c12(0)
2 /m(o) Py den (690)
Inserting equations (6.88), (6.85), and (6.90) into equation (6.89) yields the

form of 3 in the Proposition. m
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From Proposition 6.4.34 we have the following corollary which establishes that

the geometric phase at the end of any closed path is zero.

Corollary 6.4.35 Consider a curve in the shape space given by ci2(t). If there
exists a T such that c12(T) = ¢12(0) then gg,(T) = 1.

We note that this result is a consequence of the topology of the shape space
of the H(3)—Racer. This space is the real line and thus the only way to follow a
closed path is to initially trace a curve in one direction and then retrace the same
curve in the opposite direction. The shape space of the Roller Racer, however, is S*
and since the circle admits non-exact forms it is possible to generate a non-trivial
geometric phase (by going fully around the circle). In practice, however, there is
an assembly constraint on the joint of the Roller Racer and one cannot follow full

loops in joint space.

6.4.10 Simulations

In this section we present simulations of the dynamics of the H(3)—Racer for par-
ticular trajectories of c¢15(t). In each case a control law u was chosen and the shape
trajectory determined by numerically integrating equation (6.61). The nonholo-
nomic momentum was found by numerically integrating the momentum equation,
(6.57). The group trajectory and the geometric phase were determined by numeri-
cally solving the ordinary differential equations for the Wei-Norman parameters as
in Proposition 6.4.33 and then using equation (6.80) to determine the correspond-
ing group variables. All numerical integrations were performed using standard
ordinary differential equation solvers in Matlab. In the simulations we selected

l; =l = 1 for the holonomic constraints and £ = 1 for the metric.
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6.4.11 Wiggle

We first consider the evolution of the system when the shape is controlled to
follow a sinusoidal path about zero. To effect this motion we set u = —w?ciy
with w arbitrarily set to = and choose as initial conditions the values ¢;5(0) = 0,

¢12(0) = 1. The shape trajectory and shape velocity are shown in Figure 6.3.

151
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Figure 6.3: Shape and shape velocity with u = —w?c9

An initial condition of p(0) = 0 was chosen for the nonholonomic momentum
and the resulting trajectory is shown in Figure 6.4. In accordance with Corollary
6.4.10, the nonholonomic momentum is nonpositive. While it is not monotonically
decreasing, it is decreasing on average and after each cycle of the shape there is
a net increase in the magnitude of the nonholonomic momentum, indicating that
energy is being pumped into the system.

Consider the group reconstruction equations (6.71 - 6.73). From equation (6.71)
we see that the direction of drift in a; is determined by the sign of the nonholo-
nomic momentum. Furthermore, if the magnitude of c¢i5¢12 is small with respect

to the nonholonomic momentum then the drift term in the equation for a; will
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Figure 6.4: Nonholonomic momentum with u = —w?c;»

dominate. Thus, since the nonholonomic momentum is nonpositive and on aver-
age is decreasing without bound when the shape follows a sinusoidal trajectory, a;
will also decrease when the shape varies periodically about zero, except possibly
during a short initial period when the magnitude of the drift and geometric terms
are comparable. On the other hand, the drift terms in the equations for by and ¢4
are scaled by c13. Once again we expect the drift terms to dominate in the long run
and thus, since c;5 is undergoing an oscillatory motion, we expect an oscillation in
by and c; as well. In Figure 6.5 we show the reconstructed group motion for this
simulation with initial condition set to the group identity. We see that as expected
ay trends downward while b; and ¢; oscillate. Due to the increasing magnitude of
the nonholonomic momentum overtime, the rate of change of the group variables
is also increasing.

Since c;5 is following a closed curve, from Corollary 6.4.35 we expect the geo-
metric phase at the completion of each cycle of ¢15 to be zero. The time evolution of

the geometric phase is shown in Figure 6.6 and, as expected, each variable returns

187



Group variables

I I I I I
2 4 6 8 10 12 14 16 18 20

time (s)
Figure 6.5: Group motion with u = —w?c;y

to zero at the end of each cycle of ¢qs.
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Figure 6.6: Geometric phase with u = —w?ciy

These results should be compared with the analogous case for the Roller Racer
in Figures 6 and 7 of [47]. In that system, a sinusoidal oscillation of the joint

angle between the two platforms about the configuration in which the platforms
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are aligned generates a translation along the initial line of orientation of the Roller
Racer and an oscillation about that line. This motion is very similar to that of of
the H(3)—Racer shown in Figure 6.5 in which the system translates along the a;

direction.

6.4.12 Offset wiggle

We once again consider an oscillation in the shape variable ¢;5 but now choose a
nonzero mean by choosing the control u = —w?(ci9 — ¢) and the initial conditions
c12(0) = 0, ¢12(0) = 2. The resulting shape trajectory with ¢ = 0.2 is shown in

Figure 6.7.
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Figure 6.7: Shape and shape velocity for offset wiggle with ¢ = 0.2

The nonholonomic momentum, shown in Figure 6.8, has a more complex shape
than when the shape follows a zero mean oscillation but as before there is a net
decrease in its value at the end of each cycle of ¢s.

In Figure 6.9 we show the evolution of the group variables under this shape

variation. As in the zero-mean case, a; monotonically decreases. Now, however,
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Figure 6.8: Nonholonomic momentum for offset wiggle with ¢ = 0.2
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Figure 6.9: Group trajectory with ¢ = 0.2

since c12 is nonnegative at all times, b; and ¢; no longer oscillate around zero. In
addition the drift term for by is scaled by a; and thus, since a; is always negative,
b grows with the sign opposite to ¢;.

Due to the scaling by ¢ of the drift terms in the equations for i)l and ¢, the

direction of growth of by, ¢; can be reversed by changing the sign of ¢15. In Figure
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6.10 we show the group trajectory when we select ¢;o = —0.2.

Group variables
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0

Figure 6.10: Group trajectory with ¢ = —0.2

6.4.13 Constant momentum shape variation

Consider the nonholonomic momentum equation in 6.57. Setting p = 0 we obtain
the following condition on ¢;5 to ensure the nonholonomic momentum remains

constant while the shape is varied.
élg(kllélg — Clgp) = 0. (691)

Thus either ¢15 = 0, in which case the evolution in the group is purely due

to drift, or ¢ = p,fllf. From this we see that if the nonholonomic momentum is

nonzero then the following nontrivial evolution of the shape will keep p constant.

pt

Clg(t) == 012(0)6m. (692)
2
To realize this trajectory we set u = (,{%) c12 and choose p(0) = —1 and

¢12(0) = 1. The resulting evolution of the shape and the shape velocity are shown

in Figure 6.11.
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Figure 6.11: Shape and shape velocity for constant nonholonomic momentum

In Figure 6.12 we see that the nonholonomic momentum is indeed constant

during the evolution of the shape.
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Figure 6.12: Constant nonholonomic momentum

The group trajectory, starting from the identity, is shown in Figure 6.13. Since

the shape and shape velocity asymptotically approach zero, the rate of change of
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both b; and ¢; approach zero. a, on the other hand, continues to be driven by the

nonzero nonholonomic momentum.
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Figure 6.13: Reconstructed group motion for constant nonholonomic momentum
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Chapter 7

Conclusions and future research

directions

7.1 Conclusions

In this thesis we have developed techniques for applying geometric phases as en-
gineering tools in sensing and control. In Chapter 3 we presented the moving sys-
tems approach of Marsden, Montgomery, and Ratiu, and showed how the Hannay-
Berry phase can be used to sense the external motion imposed on a system. The
technique was first illustrated through the example of a free-floating, equal-sided,
spring-jointed, rotating four-bar mechanism and the Hannay-Berry phase due to
an imposed rotation was found to be zero. We then applied the method to the
vibrating ring gyroscope and showed that the precession of the nodal points of
vibration is the Hannay-Berry phase. Using the inherently nonlinear nature of the
moving systems approach, we derived nonlinear corrections to the rate of preces-
sion to third order. These corrections were shown to have a sign opposite to that

of the first-order term and thus reduce the sensitivity of the ring gyroscope. From
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this we concluded that the linear regime is the appropriate setting in which to
operate these devices.

To apply the moving systems approach it is assumed that the imposed motion
is adiabatic. In physical systems, while this motion may be very slow with respect
to the natural dynamics, it cannot be truly adiabatic. In Chapter 4, then, we
developed nonadiabatic corrections to the moving systems approach by applying
Hamiltonian perturbation theory and showing that the Hannay-Berry phase can be
viewed as a first-order correction. The non-adiabatic corrections are then given by
finding higher-order perturbation terms. We applied the technique to the vibrating
ring gyroscope to illustrate its use.

In Chapter 5 we turned our attention to the theory of geometric phases in
dissipative systems with symmetry. Earlier work by Landsberg considered dissi-
pative systems with abelian symmetry groups and an isolated exponentially stable
equilibrium point dependent on a parameter. He showed that if the parameter is
slowly varied along a closed loop then there is a corresponding shift in the sym-
metry direction which is geometric in nature. We first recast this work into the
standard framework for geometric phases by defining an appropriate fiber bundle
and a connection, termed the Landsberg connection, on that bundle. Using this ap-
proach we were able to consider arbitrary finite-dimensional symmetry groups and
showed the existence of a geometric phase in these systems, manifesting itself as a
shift in the group variables. We also developed a definition of the dynamic phase
which allowed us to consider the effect of the adiabatic variation of the parameter
in dissipative systems with symmetry which exhibit stable, time dependent solu-
tions. The theory was illustrated through the simple example of a linear, damped

harmonic oscillator coupled to the group of rigid rotations and translations in the
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plane.

In Chapter 6 we considered the role of geometric phases in nonholonomic sys-
tems with symmetry through the detailed example of the H(3)—Racer, the two-
node, one module G—snake on the three dimensional Heisenberg group. Apply-
ing the theory developed by Bloch, Krishnaprasad, Marsden, and Montgomery in
[13], we derived the reduced equations describing the evolution of the shape of
the H(3)—Racer under application of a control torque and the evolution of the
nonholonomic momentum due to the corresponding shape trajectory. Using the
nonholonomic connection, we determined the reconstruction equations giving the
group dynamics induced by the shape changes and the nonholonomic momentum
and showed that while the geometric phase along a path in the shape space is not
necessarily trivial, for the H(3)—Racer it is zero at the completion of any closed
loop due to the topology of its shape space. We then explored the effect of several

shape trajectories through simulation.

7.2 Future research directions

There are several avenues for future research building upon the results of this
thesis. For sensing, it would be interesting to apply the techniques developed in
Chapters 3 and 4 to other systems, in particular to structures that have evolved
in biological systems. For example, the blowfly has evolved a pair of sense organs
known as halteres, tiny club-shaped organs which beat out of phase with the
wings during flight. The external rotation of the fly induces a strain at the point
of attachment of the haltere with the body, providing a measurement of the rate
of rotation [25]. Mechanical structures based on this idea have been constructed

for the micromechanical flying insect project at the University of California at
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Berkeley [100]. It would be interesting to determine if the effect used for sensing
in these structures is purely a geometric phase.

In the development of the ring gyroscope example, the linearized equations for
the nominal dynamics are used. As discussed in Chapters 3 and 4, this results in
a spurious softening effect due to the second-order terms in the rate of imposed
rotation. The use of geometrically exact models in rod theory correctly accounts
for the effects of the centrifugal force on a rotating rod and it would be interesting
to apply the moving systems approach together with the nonadiabatic corrections
to a geometrically exact model of the ring.

It would also be intriguing to develop a physical example for the theory of
geometric phases in dissipative systems with symmetry developed in Chapter 5
of this thesis. One possible source for such an example is [14] in which Bloch,
Krishnaprasad, Marsden, and Ratiu consider Euler-Poincaé systems obtained by
reduction of Lagrangian systems with symmetry and show that adding nonlinear
dissipative in the form of the double bracket equations of Brockett [17, 18] pre-
serves the structure of the system. Furthermore, in many pattern forming systems,
the governing equations are partial differential equations rather than the ordinary
differential equations considered in this thesis. The theory developed in this thesis
should be extended to include these systems. It would then be intriguing to inves-
tigate how to use the geometric phase in a pattern-forming system to control the
pattern along the symmetry directions.

The H(3)—Racer and the Roller Racer share many features in common. In
particular, in both systems the dynamics are locally accessible and locally strongly
accessible but are not small-time locally controllable. The development of control

algorithms for systems of this type is still an open question. One possible approach

197



is to find control laws which yield effective, basic motions from which others may
be built. This is an idea captured through the use of a motion description language
such as MDLe [55, 37]. Similar ideas can be found in recent work by Ostrowski
and Mclsaac [61, 60] in which they develop a hierarchical approach to controlling

underactuated dynamical systems.
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